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Abstract

This thesis advances the field of Positive-Unlabeled (PU) learning by addressing fundamental
challenges in scenarios where only some positive examples are labeled while all negative
examples remain unlabeled. The research focuses on the complex no-SCAR setting, where
labeling depends on features, making classification significantly more challenging than under
traditional Selected Completely At Random (SCAR) assumption.

The thesis makes several key contributions. First, it establishes fundamental incompatibilities
between single sample and case control scenarios in PU learning, proving through formal
analysis that cross-scenario application of methods leads to suboptimal performance. This work
introduces scenario-aware variants achieving substantial improvements up to 20 percentage
points while reducing overfitting.

Moreover, the thesis develops VAE-PU+OCC, a novel generative approach that enhances
variational autoencoder-based PU learning through one-class classification. This method replaces
problematic direct use of generated examples with identification of true positive-unlabeled
examples within the original dataset, eliminating the need for risk truncation while ensuring
theoretical guarantees.

Furthermore, the research introduces the first empirical procedure for False Omission Rate
control in outlier detection, providing mathematical foundations and practical algorithms for
controlling the proportion of undetected outliers among observations classified as inliers — critical
for applications requiring high sensitivity and controlled false negative rates.

In the next step, the thesis identifies and formalizes augmented PU learning, where labeling
status is available at prediction time. The optimal Bayesian decision rule d;" is derived and
integrated into VAE-PU-Bayes, achieving consistent performance improvements in classic PU
task.

Finally, the work addresses label shift in augmented PU data, where class prior probabil-
ities differ between training and test datasets. Theoretical analysis establishes that optimal
classification requires only threshold modification, leading to practical algorithms with proven
effectiveness.

The proposed methods demonstrate substantial empirical improvements across synthetic

and real-world datasets, with VAE-PU-Bayes emerging as the strongest performer. This research
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8 ABSTRACT

establishes new theoretical foundations while providing practical tools that significantly advance

the state-of-the-art in learning from partially labeled data under realistic, challenging conditions.



Streszczenie

Niniejsza rozprawa rozwija dziedzine uczenia dla danych Positive-Unlabeled (PU), rozwigzujac
fundamentalne wyzwania w scenariuszach, gdzie tylko niektére pozytywne przyktady sa oety-
kietowane, podczas gdy wszystkie negatywne przyklady pozostaja nieoetykietowane. Badania
koncentruja sie na scenariuszu no-SCAR, gdzie etykietowanie zalezy od cech prébki, czyniac
klasyfikacje znacznie trudniejsza niz w przypadku tradycyjnego zatozenia Selected Completely
At Random (SCAR).

Praca przedstawia szereg osiaggnie¢ naukowych. W pierwszej kolejnosci wykazano funda-
mentalne niekompatybilnosci miedzy scenariuszami single sample i case control w uczeniu PU.
Poprzez formalna analize udowodniono, ze stosowanie metod dla niepoprawnego scenariusza
prowadzi do nieoptymalnej wydajnosci. Opracowane warianty uwzgledniajace scenariusz osia-
gajq znaczace poprawy metryk (do 20 punktéw procentowych) przy jednoczesnym ograniczeniu
overfittingu.

Druga kluczowgq innowacja jest wprowadzenie VAE-PU+OCC - podejscia generatywnego,
ktére wzbogaca uczenie PU oparte na wariacyjnych autoenkoderach o klasyfikacje jednoklasowa.
Metoda eliminuje problematyczne bezposrednie wykorzystanie sztucznie wygenerowanych
przyktaddw, zastepujac je identyfikacjq rzeczywistych obserwacjipositive-unlabeled w oryginal-
nym zbiorze danych, i usuwa koniecznosc¢ obcinania funkcji ryzyka, zachowujac jednoczesnie
gwarancje teoretyczne.

Kolejnym wktadem jest opracowanie pierwszej empirycznej procedury kontroli False Omis-
sion Rate w detekcji obserwacji odstajacych, dostarczajac matematycznych podstaw oraz prak-
tycznych algorytméw umozliwiajacych kontrolowanie proporcji niewykrytych warto$ci odstaja-
cych wsrdd obserwacji zaklasyfikowanych jako normalne.

W dalszej czesci zidentyfikowano i sformalizowano rozszerzone uczenie PU, gdzie informacja
o statusie etykietowania jest dostepna podczas predykcji. Wyprowadzona zostata optymalna
regula decyzyjna Bayesa d;", ktdra zostata zintegrowana z metoda VAE-PU-Bayes, skutkujac
konsekwentnymi poprawami wydajnosci réowniez w klasycznych zadaniach PU.

Ostatnim elementem badan jest analiza label shift dla rozszerzonych danych PU, gdzie
prawdopodobienstwa a priori klas r6znia sie miedzy zbiorem treningowym i testowym. Przepro-

wadzona analiza teoretyczna wykazuje, ze optymalna klasyfikacja wymaga jedynie modyfikacji

9



10 STRESZCZENIE

progu decyzyjnego, prowadzac do opracowania praktycznych algorytmoéw wraz z udowodnie-
niem ich skutecznosci.

Zaproponowane metody demonstruja istotne empiryczne usprawnienia na zbiorach danych
zaréwno syntetycznych, jak i rzeczywistych, przy czym VAE-PU-Bayes wylania sie jako najbardziej
efektywna sposrod opracowanych metod. Przedstawione badania ustanawiaja nowe fundamenty
teoretyczne, dostarczajac jednoczesnie praktycznych narzedzi, ktére znaczaco poszerzaja mozli-

wosci uczenia sie z danych PU w wymagajacych, realistycznych warunkach.



Chapter 1

Introduction

1.1 Positive-Unlabeled learning

With each passing year, innovative machine learning methods are becoming an increasingly
important part of modern life. Based on the foundation of classical classification and regression
problems, neural networks dominate the landscape of current technological progress. New
architectures enable solving tasks previously deemed impossible in the matter of milliseconds,
and dynamic research in the field introduces both new approaches as well improvements to

existing methods as often as every few minutes (Maslej et al. [2024).

In any rapidly growing field, it is only natural that multiple diverse tasks arise motivated by
real-world needs, often requiring special, innovative approaches. Positive-Unlabeled learning,
for which the "PU learning" shorthand will be used throughout this thesis, is one of such tasks.
PU learning is deeply rooted in the basic classification problems explored for decades. The key
challenge differentiating it from the standard classification task is the limited observability of the
training labels. Instead of positive and negative sets, we have access to labeled and unlabeled
sets — while all of the labeled examples available during training are positive, unlabeled set is
a mixture of positive and negative examples. It is also important to differentiate PU learning
from some similar tasks present in the literature. Semi-supervised learning (Yang et al. 2023)
shares a similar unlabeled set availability, but bases the learning on a subset of both positive
and negative examples, which simplifies definition of the class boundary. On the other hand,
one-class classification (Hayashi et al. 2024) aims to train a classifier based on a set of positive
examples, but the additional unlabeled dataset is not available for training. Properly utilizing
knowledge encoded in the unlabeled data is a key problem in PU learning, and the main reason
why it can bring considerable advantages. Learning with noisy labels (Berthon et al. 2021) is
another task which is often confused with PU learning. In this case, the training set contains

both positive and negative examples, but the labels are not reliable. The difference is that in PU

11



12 CHAPTER 1. INTRODUCTION

learning all labeled examples are positive, while in the noisy labels case, the labeled examples
are positive with probability p € [0, 1], and negative with probability 1 — p. Noisy label learning
can be thought of as a generalization of SCAR scenario described later, as a noisy label task with
p = 1is equivalent to the SCAR PU learning. Additional thing to note is that contrary to binary
classification and many other tasks, PU learning cannot be directly generalized to the multi-class
classification problem, as its definition is strictly based on the binary "positive" and "negative"

class terms.

Discussing PU learning would be missing the point without mentioning the context of its
real-world applications. Consider the example of the detection of signaling proteins, provided
by Elkan and Noto (2008). The database of identified signaling proteins contains several
thousand examples (labeled examples), but the SwissProt database consisting of millions of
records is expected to contain many more. As we have no access to reliable negative examples,
and obtaining them is costly, using SwissProt database as a negative set is tempting, but disregards
all the positive examples hidden therein. This scenario is a perfect fit for PU learning, as we
can model the situation accurately by assuming that the SwissProt records are unlabeled, and

enabling the detection of new signaling proteins in that set.

Another example commonly provided in PU literature is an issue of survey underreport-
ing (Furmanczyk et al. 2022; Bekker and Davis |[2020)). Some surveying questions, most notably
the ones which are particularly sensitive (e.g. "Have ever been abused as a child?") or negatively
connoted (e.g. "Do you use drugs?"), might influence the trustworthiness of the respondents’
answers. Note that also in this case, the answers often fit into the PU framework. Positive ("yes")
answers to these kinds of questions do not leave much to doubt, as there is no benefit to lying
in that case. However, when we inspect the negative ("no") answers, they might correspond
both to people who answer truthfully, and people trying to hide the truth for various reasons,
often to avoid painting themselves in the negative light. An example of such dataset is shown in
Table Traditional classifier trained on such data will fail to detect many positive cases — in-
stead, negative answers should be recognized as unlabeled, which makes it feasible to use the

PU classifier to solve such tasks.

Yet another example of the PU learning application is ecology (Ward et al. [2009). Consider
occurrence of rare animal species in various ecosystems. Detected animal sighting is enough
to find the positive examples; note, however, that absence of a sighting in a particular region
is not as reliable — the animal, due to its potential rarity, can still live in such area even if it
was not sighted yet. This is another case of unreliable example labels leading to natural PU
dataset occurrence. There is no lack of PU learning applications in other domains, such as
genetics, recommendation systems and many more (Bekker and Davis 2020j; Chen et al. [2021}
Zhou, Xu, et al. 2021} Zhao, Pang, et al. |2021}; Zhou, Lu, et al. |2022). They share common
characteristics — obtaining negative labels is either very hard or the negatives are not reliable;
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Table 1.1: Example of a PU dataset. The feature vector constitutes of four variables: "Age",
"Weight", "Gender" and "Education". The classification goal is to predict the value of the variable
"Drug use". However, this variable is not directly observable — the data is collected as part of a
nationwide survey. Instead of the class variable, the training dataset will contain the "Survey
result" column. Classifier based on it directly will fail to detect many drug use cases.

Age Gender Education | Drug use | Survey result |  Reason to lie
20 female higher No No -
50 male primary Yes Yes -
Young woman
18 female secondary Yes No ashamed of drug
use
25 male higher No No -
70 female secondary No No -
45 female  primary Yes Yes -
Well off
businessman
40  male higher Yes No worried about
social stigma of
drug use

and when presented with such dataset, it is easy to fall into a trap of unknowingly training
a traditional classifier, underestimating the occurrence of true positive examples in the real

population and leading to wrong predictions and conclusions.

1.2 Research aim and thesis structure

The research presented in this thesis is motivated by two fundamental challenges in the field of
Positive-Unlabeled learning: the prevalent mistakes commonly made when handling PU data
across different scenarios, and the lack of powerful methods available for the challenging no-
SCAR PU learning setting. The primary research goal is twofold: first, to conduct a comprehensive
exploration of PU learning scenarios, identifying their unique characteristics and developing
scenario-aware methodologies; and second, to advance the state-of-the-art in no-SCAR PU
learning through the development of novel deep learning approaches that can effectively handle
the complex dependencies between labeling mechanisms and feature representations.

The thesis systematically addresses these challenges by developing a series of interconnected
methodological contributions. The exploration begins with a rigorous analysis of scenario-
specific behaviors in PU learning, revealing fundamental incompatibilities that have been largely
overlooked in existing literature. Building upon these insights, the research transitions to the
development of sophisticated deep learning architectures specifically designed for no-SCAR
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settings, where traditional assumptions about random labeling mechanisms fail. The proposed
methods leverage advanced generative modeling techniques, one-class classification principles,

and novel risk control mechanisms to create robust solutions for real-world PU learning scenarios.

The thesis will sequentially cover various approaches developed during exploration of those
topics. Each chapter constitutes a self-contained unit building upon the foundations laid in the
preceding parts of the thesis, each introducing a new problem, discussing the proposed solution

and verifying it via practical experiments.

First part of the thesis will explore the twin single sample and case control scenarios char-
acterizing PU datasets. Motivated mostly by confusion in that regard shown even by highly
skilled researchers, in Chapter |3| both scenarios will be explored in depth, resulting in unveiling
the scenario-aware version of widely used uPU and nnPU methods introduced by Kiryo et al.

(2017), and discussing the importance of the correct scenario identification in PU learning tasks.

Starting from Chapter[4] the focus shifts to the no-SCAR PU learning. There, we will introduce
the autoencoder architecture and the no-SCAR VAE-PU model, used as a base for the further
research presented in the thesis. A series of improvements and modifications results in the VAE-
PU+0OCC model based on the one-class classification approach, which addresses the deficiencies
identified in the VAE-PU baseline by reducing the impact of the imperfectly generated examples

in the learning process.

Further chapters explore various improvements centered around the VAE-PU+OCC. In
Chapter [5}, methods other than one-class classification in this context are examined. Inspired by
the classic Benjamini-Hochberg method for False Discovery Rate control, a novel False Omission
Rate control method, focused on the opposite non-discovered set purity, will be introduced. Its
effectiveness will be assessed not only in the context of pure outlier detection tasks, but also as

a component of the VAE-PU+FOR variant optimized for selected set purity.

Chapter [f] starts off by identifying a previously unexplored augmented PU learning task,
utilizing the knowledge of the example label at prediction time, and which is motivated by its
real-world application analysis. Following is the exploration of the adaptations necessary for the
PU learning methods to enable training under augmented PU scenario. An important milestone
is identification of augmented PU subtask in a standard PU learning scenario, which culminates

in proposing a refinement of the previous proposed methods — VAE-PU-Bayes model.

The last significant part of the thesis focuses on the unique challenges presented by the
label shift occurring in the PU datasets. In Chapter |7} the thesis focuses on augmented PU
classification threshold modification, which is proven to suffice in order to handle the change of
class prior in the test dataset. The modification results in yet another VAE-PU variant, which is

then evaluated in the final array of experiments.
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The thesis closes by summarizing the research in Chapter |8} Summary of the thesis results
and bibliography is followed by appendices outlining theoretical justifications of the proposed
methods.

The thesis content reflects a series of publications in scientific journals and conference
appearances. Discussion of scenario differences and their consequences in Chapter [3|is based
on the paper published in the Fundamenta Informaticae (Mielniczuk and Wawrzenczyk 2025b).
Research topics presented in Chapters [4] and [6] regarding solving no-SCAR and augmented
no-SCAR PU problems were presented as a part of ECAI 2023 (Mielniczuk and Wawrzenczyk
2023) and ECAI 2024 (Mielniczuk and Wawrzeniczyk 2024) programme, respectively, while the
FOR control method discussed in Chapter |5/ was first introduced in the proceedings of the ICCS
2023 conference (Wawrzernczyk and Mielniczuk [2023b)). The content of Chapter [7,exploring
the augmented PU learning under the lens of label shift, are are the topic of the forthcoming
paper in AMCS journal (Mielniczuk and Wawrzenczyk 2025a). It’s also worth mentioning an
earlier paper related to the subject of this thesis based on the earlier M.Sc. thesis. Focusing on
optimization challenges of the joint model used in the SCAR PU problems, the paper was also
published (Wawrzenczyk and Mielniczuk 2022).
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Chapter 2

Preliminaries

2.1 Basic PU learning terminology

Let X = (xy,...,Xx,)" € RP be a random variable corresponding to a feature vector, and Y €
{—1,1} be a random variable denoting a true class indicator; Y = 1 corresponds to a positive
example from class P, and Y = —1 — negative example from class N. In the following, Pyy
will denote joint probability distribution of (X,Y), and Pyy_; (Pxy—_;) — the probability
distribution of positive (negative) examples. We assume that positive examples occur in the
general population with a class prior probability # = P(Y = 1). Variable S € {0,1} is an
indicator of an example being labeled (S = 1, labeled set L) or unlabeled (S = 0, unlabeled
set U). The core PU learning assumption is that only positive examples can be labeled, i.e.
P(Y =1|S =1,X) = 1. There are no such restrictions on the unlabeled dataset — it is a mixture
of both positive and negative examples in any proportion. The main goal of the PU learning task
is unchanged from the traditional classification problem — obtaining binary posterior distribution
of Y given X = x, i.e. y(x) = P(Y = 1|X = x); however, contrary to standard classification
where we observe examples drawn from the distribution (X,Y), observed PU data comes from
(X, S) distribution.

To describe the distribution of positive examples between classes, it is useful to define the
notion of propensity score. Propensity score e(x) describes the probability of a randomly

chosen positive example being labeled:
e(x):=P(S=1Y =1,X =x). (2.1)

In the PU learning literature it is common to adopt the Selected Completely At Random (SCAR)
assumption (Bekker and Davis 2020). It decouples the propensity score from the example
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18 CHAPTER 2. PRELIMINARIES
properties, making it constant:
e(x)=P(S=1Y=1,X=x)=P(S=1Yy =1)=:c. (2.2)

The constant ¢ appearing on the right side of the above equation is another of the key character-
istics of the PU data; it is called the label frequency and describes the prevalence of labeled

examples in the positive population.

While SCAR assumption greatly simplifies the problem, it is easy to notice its shortcomings.
The main issue is that SCAR data is extremely rare in practice; many problems exhibit strong
preferentiality in their labeling. To give a few examples, older and more educated people are
more likely to report their illnesses, some properties of genes might make their connection to
certain diseases easier to detect, and sightings of certain animals might be more common than
others. The other problem is that SCAR-based methods show subpar performance when applied
to non-SCAR data, as shown in several papers, e.g. Bekker, Robberechts, and Davis (2019) and
Na et al. (2020)).

The SCAR assumption issues coupled with the emergence of new neural network architectures
led to the recent dynamic development of the no-SCAR PU learning methods. Alternatively, they
operate under the Selected At Random (SAR) assumption, which, in its essence, preserves the
dependence of propensity score on the example features, i.e. e(x) =P(S=1]Y =1,X =x). In
this case, the assumption corresponds to the premise that X contains all predictors on which
labeling process may possibly depend. Such task is naturally much more difficult than the SCAR

equivalent.

When discussing PU learning, it quickly becomes apparent that obtaining PU datasets can be
a result of two distinct processes. In a single sample scenario (abbreviated to SS; also called a
single training set or censoring scenario) we assume that there is some unknown distribution
Py ys such that (X;,Y;,S;),i = 1,...,n are independent and identically distributed (iid) random
variables drawn from it. In contrast, in case control (CC) scenario we observe two example
sets, the first X;,..., X, pertaining to the positive class P (distributed according to Pyy—;) and
the second X, 4,...,X, ., drawn from a general population being the mixture of distributions
Py = mPyy—; + (1 —m)Pxy__,. Note that while the strictly probabilistic meanings of propensity
score the derived SCAR and SAR concepts are specific to single sample scenario, we can define
their case control equivalents using the same equations if we treat the two example sets as a
single set, and using S = 1 for labeled set and S = O for the unlabeled one rather than treating it
as a random variable. For such correspondence distribution of labeled elements in CC scenario
equals distribution of labeled elements in SS scenario. The dependencies between classes in

such a combined set are different than the dynamics of the single sample dynamics, which
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requires extra caution; discussion of those differences will be expanded in Chapter [3] We stress
that no-SCAR scenario well be meant here in SS setting.

Another important aspect of working with PU data is the estimation of class prior 7r. Knowl-
edge of 7 is not available based on the learning set, and many algorithms require its estimation
in order to function properly. Exploration of this area is quite extensive, with many diverse
approaches such as general solution using decision tree induction (Bekker and Davis 2018a)),
or, with additional assumptions, non-standard classifiers, partial matching, ROC or kernel em-
beddings (Bekker and Davis 2020]). Moreover, there are also many methods which estimate
7t during the training, or where it can be extracted as the solution byproduct (Furmanczyk
et al. 2022; Gong et al. 2021), however, they require additional assumptions which ensure
identifiability of . The other common approach is to assume knowledge of 7 in the algorithm.
This assumption is realistic in many cases where we can estimate the prevalence of a particular
target (e.g. the disease) in the general population. This is also the approach which will be used
throughout this thesis, assuming that class prior is either known or accurately estimated using

one of the existing algorithms mentioned above.

2.2 Single sample scenario — basic properties

As the majority of this thesis focuses on the single sample scenario, we now take a look at some
simple properties of this framework defined in the following Lemmas. First, Lemma focuses

on the interplay of the posteriors s(x) and y(x).

Lemma 2.1. In single sample scenario, we have
s(x)=-e(x)y(x) (2.3)

Proof. By using the definitions and the PU assumption P(S = 1,Y = 1|X) = P(S = 1|X), we

have
s(x)=P(S=1|X=x)

—P(S=1,Y =1|X =x)
=P(S=1Y =1,X =x)P(Y =1|X = x)
= e(x)y(x)

O

Lemma [2.2] shows that the labeled examples in SCAR scenario are generated from the same

distribution as the observations from the positive class.

Lemma 2.2. In single sample scenario, under SCAR we have Pxjs—; = Pxy—;.
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Proof. This easily follows after noting that by switching the conditioning we have

P(S = 1|X = x)Py(X = x)
P(S=1)

P(X=x|S=1)=

and that in view of the fact S = 1 implies Y = 1 and (2.2) we have

P(S=1X=x)=P(S=1|Y =1,X =x)P(Y = 1|X = x)
_P(S=1)

=P(S=1lY = DP(Y =1X =x)= 7o—=5

P(Y = 11X = x).
Plugging in the formula for P(S = 1|X = x) into the first equation we have P(X = x|Y = 1)
after switching back the conditioning. ]

Lemma [2.3|focuses on the conditional independence of X and S for a given class, in contrast

to the dependence betweenon S on Y.

Lemma 2.3. In single sample scenario, under SCAR we X and S are conditionally independent
(LL) given Y:
X 1 S|y (2.4)

but S is not independent of Y:
SAY (2.5)

Proof. Proving that S is not dependent of X for a given Y is straightforward. For positive
examples, by definition of SCAR

P(S=1y=1,X=x)=P(S=1lv =1),
and consequently
PS=0lY=1,X=x)=1—-P(S=1Y=1,X=x)=1—-P(S=1lY =1)=P(S=0|Y =1),
which implies X 1l S|Y =1. ForY =—1
P(S=1Y =—1,X=x)=0=P(S=1|Y =-1),

which concludes the proof.

The proof of the second part of the lemma is also trivial, as P(S = 0]Y = —1) = 1, but
P(S =0]Y = 1) =1—c is not equal to 1 unless ¢ = 0 and thus all examples in the dataset
are labeled as negative (and datasets like this make it impossible to learn any kind of binary
classifier). O
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2.3 Empirical risk minimization

Let g(x) : R? — R be a classification function with the corresponding classifier defined as
d(x) = 2I{g(x) = 0} —1 (i.e. classifying to positive class Y = 1 for g(x) > 0 and to the negative
one Y = —1 in the opposite case). Moreover, [ : R x {—1,1} - R is a loss function (usually
nonincreasing and convex), with [(g(x), y) standing for the loss incurred for classification
function g(x), when the true class indicator is y. From now on, abusing the notion slightly, we
consider the losses of the form [(g(x),y) :=[(yg(x)), where [ is defined now on R. An ideal
loss function [ aims to minimize the number of misclassifications, which can be also described as
a 0-1loss [,_;(t) =TI{t < 0}. As 0-1 loss function is neither differentiable nor convex, it cannot

be used directly in the process of optimization; some commonly used approximations are:
* logistic (sigmoid) loss [,,(t) =log(1 +e™"),
* inverse sigmoid loss [;,(t) =1/(1+e™"),
* exponential loss [.,,(t) =e™".

Empirical Risk Minimization (ERM) approach originates from statistical decision the-
ory DeGroot (2004). The objective is to minimize empirical version of the expected loss
Ryy(g) = E (Y g(X)) over some family of functions which is given e.g. as an output of
neural network with a fixed architecture. For a more detailed overview about ERM approach,
see e.g. Hastie, Tibshirani, and Wainwright (2015) for a general introduction, and Coudray et al.
(2023) for a recent ERM approach to biased PU data. The obtained minimizer g* is of the form

g" =argminR(g), (2.6)
gei

where G is the considered family of classification functions — or, in terms of derivative (for the
strictly convex loss functions considered above)

g (x): Eyx—. (g"(x)) =0.

9
dg(x)
In the case of logistic loss, zero of the derivative of conditional risk above for an arbitrary value
of x is attained at (see Appendix B.1]for the full derivation):

P(Y =1|x)

* =1 e A
glog(x) 0g p(Y :_1|X)J

thus giving solution to Note that g} g(x) is a nondecreasing function of odds, and the d(x)
classification rule based on follows the Bayes rule, classifying the example x to positive class if
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it’s more likely to belong to it over negative class (P(Y = 1|x) = P(Y = —1|x)), as:

8log(X) =0
P(Y=1x) _
P(Y =—1|x) ~
P(Y =1|x)
P(Y =—1|x) ~
P(Y =1|x) = P(Y = —1Ix)

log

As a side note, the Bayes rule in the last line above is equivalent to the prevalent classification
rule based on posterior y(x), classifying to positive class if P(Y = 1|x) = y(x) > 0.5.

Similarly, for the exponential loss, zero of the derivative of conditional risk for an arbitrary
value of x is attained at (see Appendix for the full derivation):
‘ (x) 110 P(Y =1]|x)
x)==-log ———
Sexp 2 %Py =—1x)
which, differing only by the constant factor of % in front of the logarithm, shares the properties
of logistic loss. In contrast, it is proven in the Appendix that risk for the inverse sigmoid loss
does not have a stationary point.

In the derivations until now, our assumed risk function directly referenced Y, which is not
available under the PU framework. Theorem [2.4| proposes an alternative formulation of the risk
function, which is more suitable for the PU learning tasks. It holds for the no-SCAR scenario,

and thus SS setting is assumed here.

Theorem 2.4. The general no-SCAR PU risk equals:

R(g) =P(S = 1) Ex|s= l(g(x))
+P(Y = 1,5 = 0)(Exjy—1,5=0 (1(g(x)) = 1(=g(x))) 2.7
+P(S = 0) Eyj5-0 [(—g(x))
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Proof. By definition of R(g) we have

R(g) =Exy (Y g(x))

=Ex y-1 [(g(x))
+ EX,Y:—] [(—g(x))

=Ey 5=1 1(g(x))
+Ex s—0,y=1 L(8(x))
+ Ex 50 [(—g(x))
—Ex s—0y=1 [(—g(x))

=P(S = 1)Ex|s:1 1(g(x))
+P(Y =1,5 = 0)Expy—; 5-0 [(g(x))
—P(Y =1,S=0)Eyy_1 -0 (—g(x))
+P(S = 0) Eyj5-0 L(—g(x))

=P(S = 1) Ex5-1 L(g(x))
+P(Y =1,8S =0)Exjy—y 50 [(§(x)) = 1(=g(x))
+ P(S = 0) Exj5—o [(—g(x)).

Note that —g(x) in the above theorem corresponds to classification function which classifies to

the opposite class than g(x).

Under SCAR assumption, the risk function used for ERM minimization can be simplified.

First, we will prove Theorem handling both single sample and case control scenarios.

Theorem 2.5. Under SCAR assumption, the following general formula for the risk R(g) holds

regardless of the scenario considered:

R(g) =mExjs—; L(g(x))
+ Ex (I(—g(x))) (2.8)
— By (I(—g(x))).

Proof. This immediately follows after noticing that

Ex ([(=g(x))) = mExjy—; [(=g(x)) + (1 = ) Ey )y [(=g(x)).
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which leads to
R(g)=m Ex|y=1 [(g(x))

+Ey (1(—g(x))) (2.9)
— By (((—g(x))).

We obtain the thesis applying Lemma to the resulting expression in SS scenario, and
remembering that labeled population is drawn from the positive distribution in CC scenario. [

For single sample scenario we prove a formula for R(g) which relies solely on Pys_; and
Py|s—o and which will be used later in the thesis to provide additional insight how procedures
designed for CC case perform in SS case. This is given by the following Theorem which is a
special case of representation of R(g) in (Bekker and Davis 2020), p. 23, line 3. We note that
although Theorem [2.6|is proved for SS framework, it formally coincides with Theorem |2.5(when
Eys—o is replaced by Ey, P(S =0) by 1 and P(Y =1,S =0) by .

Theorem 2.6. Under SCAR assumption in single sample scenario, R(g) equals:

R(g)=m Ex|s=1 [(g(x))
+ P(S = 0) Ex5—o [(—g(x)) (2.10)
—P(§=0,Y = 1)EX|S:1 [(—g(x))

Proof. This follows directly from Theorem Note that using Lemma in single sample

scenario we have
EXlel 1(g(X))= IEX|5=1 1(g(X)).

and because of P(S=1,Y =1)=P(S =1) we have
P(§=0,Y=1)=P(Yy=1)—P(S=1)=n—P(S=1).
Thus by transforming Theorem [2.6, we have
R(g) = Eyjsy 1(g(x)) + P(S = 0) Exjsp l(—g(x)) — P(S = 0,Y = 1) Egpsy l(—g(x))
= Eyj5—1 [(g(x))+P(S=0) Ex|s=o [(—g(x))—(m—P(S=1)) Ex|s=1 [(—g(x))
=1 Ey5=1 1(8(x)) + P(S = 0) Ex5— [(—&(x)) + P(S = 1) By I(—g (X)) — T Exjs-q L(—g(x))

=mEyy_1 [(g(x)) + Ex 5o [(—=g(x)) + Ex s [(—g(x)) — mExy—; [(—g(x))
=1 Eyy—1 l(&(x)) + Ex l(—g(x)) — T Exjy— [(—g(x))

which is precisely the formula from more general Theorem concluding the proof. O
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Remark 2.7. Define S=25—1(ie. transforming S € {0, 1} into S € {—1,1}). As a side note we
remark that in the case of logistic loss 1(s) = log(1 + e™*) for which I(s) — [(—s) = —s, risk from
Equation (2.10) for linear classification function g(x) = " x simplifies to

R(g)=E(U(YB'X)) =E(I(5p"X))—P(Y = 1,8 = —1)B" By 5, X,

for which correction term E(I(Y g(X)))—E (l(§g(X))) is linear function of f3.

2.4 Existing PU learning methods

The first influential paper discussing PU learning problem in the context of identifying signaling
proteins in SwissProt database was a paper by Elkan and Noto (2008). Under the single sample
scenario, the authors proposed several theoretical results for PU data, including the simplified
Lemma [2.1|formulation, and a weighted classifier method handling the PU data. For case control
scenario, the research originated from Ward et al. (2009) paper, which proposed EM algorithm
for logistic model in this context. Since then the PU learning problem has been extensively
studied in the literature, with a wide range of algorithms proposed to tackle it. PU learning
algorithms is usually broadly divided into three categories: two-step techniques, biased learning
and class-prior-based methods (Bekker and Davis|2020). The groups are not mutually exclusive,
and many methods can be classified into more than one category, e.g. there exist biased learning
methods which utilize the class prior. Let us mention in passing that the term "non-traditional
classifier" is used in this context, and corresponds to a method which simply treats all unlabeled
data as negative examples and which is then subsequently refined.

Two-step techniques first aim to identify reliable negative examples in the unlabeled set (and,
optionally, additional reliable positives). Then, as the second step, a classifier is trained using a
traditional supervised method (or semi-supervised method capable of handling the remaining
portion of the unlabeled set). Applying this approach is based on somewhat restrictive assumption
that positive examples from the unlabeled set are similar to the labeled ones, while negative
ones are significantly different. Despite that, the two-step techniques found a widespread usage
especially in the natural text processing domain (Bekker and Davis 2020). An example of
such method is S-EM (Liu, Lee, et al. 2002), where the authors introduce the concept of the
spies — labeled examples added to the unlabeled set; using a classifier considering unlabeled
examples as negative, all the examples with posterior lower than all of the spies are considered
as reliable negatives. Other examples of two-step methods include Roc-SVM (Li and Liu 2003,
PEBL (Yu, Han, and Chang 2003), A-EM (Li and Liu 2005), MCLS (Chaudhari and Shevade
2012) and PGPU (He et al. |2018), each proposing a different combination of approaches to
both of the steps.
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Biased learning methods consider the unlabeled set as a noisy negative set, with the noise
being constant, i.e. P(S =0|Y = 1,X) is not dependent on X (which is equivalent to the SCAR
assumption). The main variants of this approach include introducing an asymmetric penalty for
the incorrectly classified examples (Ke et al. 2012; Liu, Dai, et al. [2003)), as well as defining
weights approximating the probability of being negative for the unlabeled examples (Liu, Shi,
et al. 2005). These approaches can be combined with bagging to improve the performance for
very noisy data (Claesen et al. |2015; Mordelet and Vert 2010)), with a big advantage of being
able to use any classifier as a base learner, including SVM or decision trees. Another popular
approach are hyperplane optimization methods, including RankSVM (Sellamanickam, Garg,
and Selvaraj 2011), Biased Twin SVMs (Xu, Qi, and Zhang 2014), NPSVM (Zhang, Ju, and Tian
2014)) and LUHC (Shao et al. 2015)).

Class-prior-based methods, in literature commonly used together with the SCAR assumption,
utilize the knowledge of the class prior 7t to simplify the PU learning problem. A straightforward
approach is to postprocess the classifier output: as a direct consequence of Lemma [2.1], in SCAR
scenario we have s(x) = cy(x), and c is known due to ¢ = P(S = 1)/m; this allows us to
transform an s(x) classifier into a y(x) classifier (Bekker and Davis 2020). Another way to
incorporate the class prior is to preprocess the data to transform it to a traditional supervised
learning problem. Typically, this is done by introducing weights (Bekker and Davis [2020).
Rebalancing methods aim to weight the examples so that the classifier trained on this data
will give the same classification as the preprocessing method, while avoiding the problem of
estimating the posterior y(x) correctly (Elkan 2001} Hsieh, Natarajan, and Dhillon [2015}; Lee
and Liu |2003; Northcutt, Wu, and Chuang|2017); incorporating the label probabilities allows to
count unlabeled examples partially as both positive and negative (Elkan and Noto |2008); while
a large group of ERM-based methods aim to reweight the examples to be equivalent to a fully
labeled dataset (Bekker, Robberechts, and Davis[2019; Steinberg and Cardell [1992}; Kiryo et al.
2017, Hsieh, Natarajan, and Dhillon 2015} Plessis, Niu, and Sugiyama 2015; Plessis, Niu, and
Sugiyama 2014). While many methods assume that the class prior 7 is known (Calvo, Larranaga,
and Lozano 2007; Denis, Gilleron, and Letouzey |2005; Na et al. [2020]), some methods tackle the
problem of estimating it from the data (Bekker, Robberechts, and Davis|2019; Gong et al. [2021]),
frequently ignoring assumptions which are needed to ensure its identifiability. One of the weakest
such conditions is an assumption that distribution of negative examples is not a convex mixture
of distribution of positives and some probability distribution: P_ = aP, + (1 — a)Q (Blanchard,
Lee, and Scott|2010).

It is worth noting that many preexisting classification methods can be directly modified
internally to work with PU data for case-control scenario with m known. Examples include
decision trees (Denis, Gilleron, and Letouzey [2005)), logistic regression (Ward et al. [2009)),

Naive Bayes (Denis, Laurent, and Tommasi [2003; Calvo, Larranaga, and Lozano 2007)) and
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many others. The methods mentioned above are only a small subset of the existing literature on
PU learning. For a more comprehensive overview, refer to (Bekker and Davis 2020).

Recently, the main focus of PU learning research has shifted towards deep learning. First
methods utilizing neural networks were uPU and nnPU (Kiryo et al. 2017)), with nnPU solving the
issue of overfitting. Dist-PU (Zhao, Xu, et al. 2022), is an example of more recent deep learning
method, approaching the PU problem from a label distribution perspective, i.e. building a
classifier such that preparation of samples classified as positive is approximately 7. Development
of deep learning based methods led to the rise in no-SCAR PU research. It was mostly developed
in single sample setting as nonconstant propensity score occurs naturally in this context. The
first method proposed here was SAR-PU (Bekker, Robberechts, and Davis |2019) followed by
LBE (Gong et al. 2021), utilizing expectation maximization (EM) algorithm to explicitly model
both the posterior and propensity score; VAE-PU (Na et al. [2020), which uses variational
autoencoders to generate examples from the missing positive unlabeled distribution; as well
as double-logistic (Furmanczyk et al. 2023) and JERM (Rejchel, Teisseyre, and Mielniczuk
2024) methods, using the additional assumption of both posterior and propensity score being
described by logistic functions. There were also attempts of introducing no-SCAR PU setting
for case control data starting from Kato, Teshima, and Honda (2019), who proposed PUSB
method. They are based on relaxing assumption that unlabeled data corresponds to original
distribution of features and requires additional assumptions such as comonotonicity assumption
(e.g. Assumption 1 in Kato, Teshima, and Honda (2019)). For recent attempts, we mention
CoVPU (Liang et al. 2023) considering PU problem from an angle of positive distribution
pollution, and PUDA (Tang, Pei, et al. |2022)), focusing on knowledge graph completion task. Let
us stress that in the thesis, apart from Chapter 3| no-SCAR setting for SS scenario is considered.

Recently, several papers discussing class imbalance in PU learning have appeared. Notably,
Su, Chen, and Xu (2021) proposed ImbalancednnPU. This method is based on the nnPU (Kiryo
et al. 2017) method, with part of its risk function reweighted to capture the class imbalance.
Ortega Vazquez, Broucke, and De Weerdt (2023) proposed a decision tree based method utilizing
the Hellinger distance as a imbalance insensitive splitting criterion. As handling imbalanced
scenario is out of the scope of this thesis, we will not discuss these methods in detail — however,

it is worth mentioning that this has become an active area of research recently.
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Chapter 3

Comparison of PU learning scenarios under

SCAR assumption

3.1 Problem introduction

At the core of every machine learning problem lies the data. The way the data is collected, the
assumptions accounting for it, and the way it is structured are all crucial for the success of the
learning process. Data acquisition process is even more crucial to understand in the context of
PU learning, where understanding the how the data is collected lies at the core of the problem
itself. Unfortunately, this topic is often overlooked in the literature, with many papers focusing
on the algorithms themselves rather than the data they operate on. This chapter aims to fill
this gap by providing a detailed comparison of two PU learning scenarios: single sample (SS)
and case control (CC) under the SCAR assumption. We will show that the differences between
the two scenarios are not only limited to the set sizes but also to the structure of the unlabeled
data. We will also show that the structure of the unlabeled data has a significant impact on the

performance of the algorithms designed for one scenario when applied to the other.

In a single sample scenario (SS; also called single-training-set or censoring scenario) we
assume that there is some unknown distribution Py y ¢ such that (X;,Y;,S;),i = 1,...,n are
independent and identically distributed (iid) random variables drawn from it. Observed data
consists of (X;,S;),i = 1,...,n. In this chapter, in contrast to the rest of the thesis, we will

assume that the positive observations are selected using SCAR assumption, i.e.
P(S=1Y=1,X=x)=P(S=1|Y =1). (3.1)

This in particular implies that the labeled examples are generated from the same distribution as
the observations from the positive class i.e. Pys_; = Pyjy_;, see Lemma[2.2]in Chapter 2|

29
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In contrast, in case control scenario we observe two sets of examples, the first, called labeled
class L, Xy, ..., X, pertaining to the positive class P and the second X,, .4,...,X, ,,, drawn from
a general population being the mixture of distributions Py = 7Py y_; +(1—m)Pxy—_; (unlabeled
class U). Note that CC scenario is applicable when the example sets are drawn from two
separate data bases; one pertaining to a general population and the other to the positive class,
e.g. patients suffering from a certain disease. On the other hand, when e.g. a poll is conducted
for a randomly chosen group of people who are asked whether they write text messages while
driving (Y = 1) or not (Y = —1), this corresponds to SS scenario (with affirmative answer
resulting in S = 1) — all of the data is collected at once, with no clear distinction between the

sets, and the labeling is a result of purely probabilistic mechanism.

Note that although for CC case S would still denote a deterministic class indicator (labeled or
unlabeled): S = I{observation belongs to L}, it would be deterministic and not have probabilistic
connotation as in SS case. We remark that the SCAR assumption is automatically satisfied in
CC case if we consider the observations X3, ..., X, aslabeled: they are all generated from the

distribution Pyy_; and X, ,1,...,X, 4,, are generated from Py.

Observe that apart from minor differences concerning set sizes, which are random for single
sample scenario and deterministic for case control, the main difference between the two scenarios
lies in a structure of unlabeled set. In the case control scenario it corresponds to a general
population which is a mixture of Pyy_; and Pyy__; with mixing proportion © = P(Y =1). In
contrast, for SS case it corresponds to the mixture with different mixing proportion

T — TIC 1—m
Pyis—0 = 1_—7_CCPX|Y:1 + 1_—mpx|y=_1, (3.2)

where ¢ = P(S = 1|Y = 1). This easily follows after noticing that out of proportion 7 of positive
observations, proportion 7tc is labeled and 7w — mc¢ is unlabeled. In particular, we note that it
follows from (3.2)) that probability that positive element occurs among unlabeled data equals

1—c
1—mc
Thus, indeed, distributions of unlabeled examples differ in those cases. In particular note that

T X and is smaller or equal 7t being the probability of such occurrence in an original dataset.
for ¢ ~ 1 unlabeled group in SS case consists mostly of negative observations in contrast to CC
case when it corresponds to the original mixture. Figure shows this behavior for two unit
variance normal densities with means —2 and 2, respectively, w = 0.5 and ¢ = 0.1,0.5 and 0.9.
Note that whereas for ¢ = 0.1 the distributions between unlabeled data in both cases are almost
indistinguishable, for ¢ = 0.9 there is a striking difference between unlabeled distributions, the
distribution being symmetric and bimodal in CC case whereas in SS case the second mode is

barely discernible.

There is a legion of papers devoted to inference for PU data, and although they are mostly

devoted to CC scenario (see the comprehensive review in Bekker and Davis (2020)), there are
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Figure 3.1: Comparison of labeled and unlabeled class density for SS and CC data

also many approaches which specifically deal with SS setup, starting from the seminal paper of
Elkan and Noto (2008). However, it seems that understanding of the importance of sampling
scenario for behavior of developed classifiers is limited and one can find many examples of
careless use of CC-developed methods in SS scenario — sometimes accidentally, but often even
after clearly stating the scenario assumptions. This also includes comparing performance of
methods designed for a specific scenario with methods for the other scenario, which puts the
latter at disadvantage. One good example in that case is a VAE-PU paper by Na et al. (2020),
where the authors clearly state single sample scenario assumptions, but then proceed to evaluate
a newly proposed method against five others, four of which work under case control assumption;
while Confidence-Based PU learning paper by Tang, Xu, et al. (2025) demonstrates an opposite
problem, applying single sample EN method (Ptatek and Mielniczuk 2023) in an otherwise
well-described case control framework. The purpose of this chapter is to show that this has
important consequences and may lead to misleading conclusions especially when establishing a
ranking of the classifiers with respect to some performance metrics. This is analyzed here for a
particular case of Empirical Risk Minimizers, which play an important role in PU inference. In
the following, as noted in the introduction we assume that the probability 7 of positive class is

known.

3.2 Empirical Risk Minimization scenario differences

We give now the formal reason why application of ERM classifiers designed for one scenario
will fail in the other scenario, save for very specific cases. We will focus on Empirical Risk
Minimization (ERM) approach, consisting of finding minimizer of an empirical counterpart of
the theoretical risk, as described in Section[2.3] Consider now a situation when it is applied for
SS data using characteristics of the examples valid in CC case, namely that labeled examples

pertain to Pyy_; distribution and unlabeled ones are generated from Py. Under SCAR the first
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assumption is valid as Pyy_; = Pxs—;, whereas the second is not in view of (3.2). Consequently
although the first terms in (2.8)) and (2.10) are equal the second and the third terms in both
expressions do not match, suggesting that Empirical Risk Minimization approach for case control

situation can not be directly applied to single sample scenario and vice versa. Indeed, closer
scrutiny of (2.8) and (2.10) yields the following fact.

Proposition 3.1. (i) Applying formula for SS scenario under assumption that Py = Pyjs_q =
Py, is valid only when
I[*:X|s:1 [(—g(X)) EXlS:O [(—g(X)), (3.3)

provided P(S=1)> 0.
(ii) Conversely, provided P(S = 1) > 0, formula for CC scenario under assumption that

Py = Pxjs—o = Py, is valid only when

Exjs=1 I(=8 (X)) Ex [(—g(X)). (3.9

Proof. Application of (2.8) for SS scenario means that unlabeled population is treated as the
original population, i.e. Py = Pys—o = Py and thus (2.8)) will take the form

T Ey 521 [((X)) + Ex 50 [(—g(X)) — mEx s [(—g (X)) (3.5)

as Eyjy_; = Exjs—;. This would be valid formula for R(g) in SS scenario provided the above
expression equals (2.10), which, taking into account again that under SCAR Pyy_; = Pxs_1,
yields

Ex|s=o [(—g(X))—m Exjs=1 [(—g(X))

=P(§=0) Ex|s=0 [(—g(X)) (3.6)

—P(Y = 1,5 = 0) Exjs; [(—g(X)).

Thus, using 1 —P(Y =1,S =0) = P(S = 1), we have that the equality above is equivalent to
P(S = 1) Eyps—o l(—g(X)) = P(S = 1) Exys_y [(—g(X)), (3.7)

which yields the conclusion of (i).
Proof of (ii) is analogous. Formula (2.10) under assumption P; = Pys_o = P takes the form

T Ex5-1 I(8(X)) + P(S = 0) Ex [(=g(X)) = P(Y = 1,5 = 0) Exjs—, [(—g(X))

and equating it to (2.8)) yields condition (3.4). O
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Thus it follows that applying Empirical Risk Minimization (ERM) methods suitable for CC
PU data (such as popular uPU and nnPU methods) to SS data directly, without modifying them,
puts them at disadvantage.

Other methods derived for PU case control situation will also be affected when applied to
single sample data. This is due to the fact that they necessarily use the information that unlabeled
observations follow the general distribution. We have focused here on ERM methods as in this
case it is possible to formally analyze the impact of scenario on the method; see Proposition [3.1
In the following we compare performance of nnPU., which optimizes non-negative modification
of the empirical version of (2.8), with its counterpart adapted to SS data, which will be called
nnPUgg from now on. We compare their performance in a single sample case (when nnPUgg

should be used) and in a case control case (when the alternative method should be used).

Remark 3.2. We note that both and are implied by Pyjs—; = Py|s—o. However it is
easy to check that due to and equality Pyjy—; = Py|s—y, this is equivalent to Pyjy_; = Pyjy—_1,
which makes the original problem void, as distinguishing between classes is clearly impossible in

this case.

3.3 Scenario aware nnPU method

Consider first two popular estimators of constructed for CC data. Note that R(g) in
Equation can be split into three components: the first, corresponding to the labeled set
risk (which we will denote as R’ in the algorithm), the second — to the risk with respect to the
general distribution Py (denoted by RP), and finally — PU SCAR correction of the second term
(R®°™). The first and the third component of Eq. are independent of the scenario. The
general distribution component Ey [(—g(X)) can be consistently approximated by empirical
average over U as observations in U are distributed according to Py. Thus the direct plug-in
estimator of is (Plessis, Niu, and Sugiyama [2014)

R () = — 2 LN+ > 1(—g(x)

L i:x;eL Uix;eUu

— 2 S (g (x):

n i:X;€L

(3.8)

The minimizer of is called unbiased PU estimator (uPU) and the index ’cc’ is added in
order to stress that it is derived for CC data. Its name is due to the fact that the empirical risk is
unbiased: ER( 2) =R(g). The nonnegative version (nnPU) is obtained when truncating the sum
of the two last elements in at 0. This is motivated by the fact that its theoretical counterpart

Eyx [(—g(X)) — mExy_; [(—g(X)) is nonnegative. Thus nnPU.. estimator is minimizer of (see
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Kiryo et al. (2017)):

Runpue ()= —— > Ug(X)

L iXx.eL

(3.9
+max(ni PRSI DEEDY M—g(xi)),o),

Uix.eu L ix.eL

We consider now nnPUgg estimator defined as the minimizer of the risk R(g) for SS scenario
based on (2.8)). Note that for this scenario term Ey [(—g(X)) can be approximated by empirical

average over all observations disregarding their labels and thus we have direct plug-in estimator

~

RuPUSS
ﬁuPUSS == Z [(g(X}))
n X;€L (3.10)
1 T )
+ j— [ . E— — .
DI CCO e NICHED)
X,€LUU xeL
and its nonnegative version ﬁnnpUSS:
= T
Runpugs = . Z [(g(X}))
L x;eL
1 . (3.11)
+max| = > 1(—g(X))—— > 1(—g(X)),0|.
n X;ELUU Li xeL

Similarly to the case control case, ﬁuPUSS is also unbiased estimator of R(g), as for this property
it is immaterial that the summands in Equation are dependent. The final, labeling-
scenario-aware training procedure is described in detail in Algorithm |1l Note that the algorithm
incorporates the change of the gradient sign when truncation occurs as advocated in the original
nnPU algorithm (Kato, Teshima, and Honda |2019). We also note that in order to obtain the
version of nnPUgg algorithm it is only necessary to change in the definition of ﬁupUss, the value

of R? to the average calculated over all data and not over U set.

Remark 3.3. We also note that it is possible to obtain ﬁupuss based on m Namely plug-in
version of has the form

Yy 1
— D M)+ > -gX))

L ix;eL i:X;eU

S (I W)

i:X;€EL

(3.12)
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wheren, = |{i : S; = 1}| and ny, = n—n; and P(Y =1,S = 0) is estimated by t—P(S = 1) = n—=k,
Its non-negative version is defined analogously. However, by splitting the sum %ineLuU l(—g(X,))
into the sums over L and U it is easy to see that equals (3.10). The form of the risk function
in (3.10), while less useful from the theoretical point of view, has an important advantage: namely
that only a single component differs between and (3.10). This allows for easier comparison of
those risks over the course of our experiments and is thus used in our implementation of the nnPUgg

algorithm.

We discuss the reason the negative part of ﬁuPUCC is biased downwards when applied to
single sample data. The first and the third terms in (3.8) are consistent estimators of their
theoretical counterparts, the problem occurs for the second term. Namely, large contribution
to the sum Y., [(—g(X;)) corresponds to positive elements which are likely to be assigned to
positive class by classification function g(x) but will be assigned to negative class by —g(x) thus
producing large loss. However, when uPU., is applied to SS data the proportion of positive
elements among unlabeled data is smaller than in the general population as discussed in the
introduction. This results in downward bias of the negative part of ERM. Thus truncation at 0 is
more likely to occur here than for CC scenario. Conversely, when nnPUgg is applied for CC data
the term n™? Zi:si:O [(—g(X;)) in is larger than for SS data, as the proportion of positive
observations among unlabeled observations is larger. Note that the both cases of misuse are
not entirely symmetric as erroneous application of }A{mPUCC(g) to SS data results in more likely

truncation, whereas for ﬁnnpUSS(g) used for CC data truncation is less likely.

3.4 Scenario-fair dataset creation

Due to the fact that the structure of the unlabeled data is different in both scenarios, creating the
datasets which ensure equal conditions for evaluation of both scenarios is not straightforward.
At one hand, it requires to ensure that the expected fraction of labeled observations for a given
c is the same in both scenarios. On the other hand, the sizes of the datasets should be equal. As
this is an issue which was not solved in the literature before, we show how to achieve this in the
following.

Consider the problem of creating a scenario-fair case control dataset. In the following n
will stand for the total number of observations. In CC scenario ¢ will mean a ratio of labeled
observations (S = 1) to all positive ones (Y = 1). In order to ensure that the expected fraction
of labeled observations for a given c is the same in both scenarios we pick ¢ x 7t x n observations
from positive class and (1—c) x n from the whole data set. Thuscx txn+mx(1—c)xn=mxn
is an expected number of observations from the positive class in the dataset and fraction c of

them will be labeled on average. In order to ensure that the chosen dataset has size equal to n,
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Algorithm 1: Scenario-aware nnPU algorithm
Input: Positive-unlabeled dataset X = (L, U), m — class prior, n — number of training

items, hyperparameters 3 and y (as described in detail in Kato, Teshima, and
Honda (2019)).

1 repeat

2 Split X into k minibatches

3 forall minibatch M; = (L;,U;) in X do

4 Calculate labeled risk component R’

RE= = S 1(g(x),

Li xel;
5 if nnPUg¢ then
6 Calculate general distribution component R” based on the whole dataset
RO=R% =~ > I(~g(x))
T T'gs T n g b
XELiUUi
else if nnPU.. then
8 Calculate general distribution component R” based on the unlabeled set
D D 1
RP =RP = — > I(—g(x)),
nUi x€U;

9 Calculate PU SCAR correction R®"

R = 3 1(—g(x),

Li xel;

if nonnegative risk component R® —R“™ < —f3 then

10 Perform gradient descent for unbiased risk R = R* 4+ (RP —R*™) with step size

n.

11 else

12 Update model parameters using surrogate R = R — R with discounted
step size Y.

13 end

14 end

15 until not converged;
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both sizes should be increased A = (1 —c(1 — 7)) times i.e. size of chosen labeled dataset
should be Ax ¢ x m x n and A x (1 —¢) x n for the unlabeled one. Note that both sets are
not necessarily disjoint but this should not affect the performance of the rule as empirical risk
function is an unbiased estimator of theoretical risk also in this case.

We stress that examination of these two sampling scenarios shows that the meaning of some
parameters is different in both methods, e.g. for single sample scenarioc =P(S=1]Y =1)=1
means that every positive observation will be labeled and thus the set (X;, S;)"_, is generated
from the distribution Py y. In case control scenario it means that every observation for positive
class is sampled, however unlabeled set will be empty as otherwise (see the calculation above)

¢ will be strictly smaller than 1.

3.5 Experiments

We consider two sampling scenarios:

(a) Single sample scenario. For a given data set for which 7 is taken as a fraction of positive
class in it, we sample n = 1000 elements randomly without replacement and label them
using SCAR scenario with varying ¢ = P(S = 1|Y = 1). We apply SS and CC methods to
the obtained dataset.

(b) Case control scenario. We adapt the labeling procedure described in Section [3.4]to ensure

fairness of the experiments.

We performed experiments on a collection of 18 diverse datasets from different domains:
image, text and tabular classification. Dataset details are shown in Table [3.1]- the test ensemble
contains datasets of various sizes and class balances. In order to focus on risk function differences
rather than on tuning particular network architectures, as well as to shorten training time, we
used pretrained embeddings for text and image data (al1-MiniLM-L6-v2 (Wang, Wei, et al.
2020) and swiftformer-xs (Shaker et al. [2023]) respectively). For processed data classification,
we used 5-layer feed-forward neural network, matching the one used in Kato, Teshima, and
Honda (2019). Similarly to this paper, we kept the default values of hyper-parameters: f =0
and y = 1 (see Algorithm [1|for their description). Based on the each dataset, we synthetically
created both single sample and case control problem, as described above. We either use a
pre-existing train-test split or, in cases where it is not available, split dataset with a 80-20
training-test ratio.

During testing, multiple label frequency c levels, ranging from 0.1 to 0.9, were applied.
Each experiment (for a given dataset, scenario, label frequency and method combination) was

repeated 10 times with a different random seed. As the chapter’s aim is to emphasize impact
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Table 3.1: Dataset statistics

Dataset Data type | Samples Features 7

CIFAR Image 50000 10780 0.60
MNIST Image 60000 10780 0.51
FashionMNIST Image 60000 10780 0.50
EuroSAT Image 21600 10780 0.30
Chest X-ray Image 4077 10780 0.73
Snacks Image 4838 10780 0.41
DogFood Image 2250 10780 0.33
Beans Image 1034 10780 0.33
Oxford Pets Image 5912 10780 0.33
20News Text 11314 384 0.56
IMDB Text 25000 384 0.50
HateSpeech Text 8561 384 0.11
SMSSpam Text 4459 384 0.13
PoemSentiment Text 892 384 0.15
Credit Tabular 13371 10 0.50
California Tabular 16507 8 0.50
Wine Tabular 2043 11 0.51
Electricity Tabular 30779 7 0.50

of correct method selection, we focused on comparing nnPUgq and nnPU.. methods and did
not include comparisons with any external classifiers. Implementation of Algorithm [1{and all

experiments’ code are publicly available on GitHulﬂ

3.6 Results

Experiment results are summarized in Tables and for SS and CC data respectively
(results for metrics other than accuracy: precision, recall and F1 score can be found in the
GitHub repository; conclusions for F1 score largely correlate with the accuracy-based analysis
below). The key observation is that in both cases the advantage of the correctly specified method
(defined as the difference of respective accuracies and denoted by A) starts for ¢ as low ¢ = 0.1,
but as the proportion of labeled examples in the dataset increases it tends to significantly increase.
Upon closer inspection, this is expected — as apparent in Figure the difference in unlabeled
set structure is subtle when label frequency is low, but becomes very apparent when c increases.
That causes both methods’ performance to be close when label frequency is low, but for high c
values, when scenario dependency deepens, they start to diverge.

Due to the reasons above, it is worth inspecting results for ¢ = 0.9 in detail, as this is when
scenario differences are the most distinctive. In the vast majority of cases, the advantage of
correctly specified method is very significant — this is most apparent for some image datasets,

such as MNIST and CIFAR. Rare cases where performance of both methods is similar are more

"https://github.com/wawrzenczyka/nnPUss
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Table 3.2: Test accuracy, single sample datasets. A indicates accuracy difference between
scenario-appropriate nnPUgg method and ill-specified nnPU.. method.

¢ | Model | Beans CIFAR Chest X-ray DogFood EuroSAT FashionMNIST MNIST Oxford Pets Snacks

nnPUcc | 81.88 92.69 88.93 87.69 90.26 97.16 95.16 86.80 74.96
0.1 | nnPUss | 79.22 91.53 89.62 86.15 87.77 95.14 93.71 83.50 75.05
A -2.66 -1.16 0.69 -1.55 -2.49 -2.02 -1.45 -3.29 0.09
nnPUcc | 89.92 92.01 91.49 97.56 94.19 96.68 95.23 95.86 80.68
0.3 | nnPUss | 89.06 93.80 92.71 95.21 91.71 96.96 96.77 89.76 81.34
A -0.86 1.78 1.22 -2.35 -2.48 0.28 1.53 -6.10 0.66
nnPUcc | 91.09 87.52 91.25 98.77 93.56 94.86 92.41 98.12 81.83
0.5 | nnPUss | 91.80 95.04 93.40 98.13 94.21 97.98 98.23 93.50 84.96
A 0.70  7.52 2.15 -0.64 0.65 3.12 5.82 -4.62 3.13
nnPUcc | 91.64 80.18 88.83 98.84 90.62 82.96 85.41 97.50 81.63
0.7 | nnPUss | 94.22 96.46 94.05 99.33 95.67 99.10 98.98 96.20 87.25
A 2.58 16.27 5.22 0.49 5.06 16.14 13.57 -1.30 5.62
nnPUcc | 91.33 75.28 85.09 98.61 87.60 68.54 67.81 96.39 81.39
0.9 | nnPUss | 95.70 97.57 95.15 99.80 96.94 99.43 99.19 98.95 89.39
A 4.37  22.29 10.07 1.19 9.34 30.89 31.38 2.55 8.00

[g]

Model | California Credit Electricity Wine 20News HateSpeech IMDB PoemSentiment SMSSpam

nnPUcc 81.71 64.48 75.16 69.22  79.95 88.94 73.31 84.71 88.70
0.1 | nnPUss 81.77 64.48 74.93 68.51 78.61 88.94 72.79 84.81 89.39
A 0.06 0.01 -0.23 -0.70 -1.34 0.00 -0.52 0.10 0.69
nnPUcc 83.20 66.59 78.42 73.89  82.50 89.52 77.00 85.00 96.55
0.3 | nnPUss 84.09 67.85 78.00 74.03  81.38 89.41 75.68 85.87 95.62
A 0.89 1.26 -0.42 0.14 -1.12 -0.10 -1.32 0.87 -0.92
nnPUcc 82.46 63.99 79.54 75.95 81.87 89.29 78.00 86.15 97.87
0.5 | nnPUss 85.31 66.23 79.64 75.97 83.28 89.32 76.83 87.60 97.18
A 2.85 2.24 0.11 0.02 1.40 0.03 -1.16 1.44 -0.68
nnPUcc 80.13 62.18 78.55 76.18  78.99 89.01 77.13 89.04 98.48
0.7 | nnPUss 86.27 63.56 80.67 78.16 84.43 89.51 78.27 89.71 98.15
A 6.14 1.37 2.12 1.98 5.44 0.50 1.15 0.67 -0.32
nnPUcc 76.82 61.33 75.87 74.72  74.27 88.82 74.76 90.00 98.72
0.9 | nnPUss 86.36 60.54 81.20 79.47  85.75 89.65 79.34 90.87 98.33
A 9.54 -0.79 5.33 4.76 1148 0.83 4.58 0.87 -0.39
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Table 3.3: Test accuracy, case control datasets. A indicates accuracy difference between scenario-
appropriate nnPU.; method and ill-specified nnPUgg method.

¢ | Model | Beans CIFAR Chest X-ray DogFood EuroSAT Fashion MNIST MNIST Oxford Pets Snacks

nnPUss | 77.91 93.06 89.60 85.75 86.30 94.68 93.36 82.98 73.10

0.1 | nnPUcc | 78.37 93.52 88.83 86.92 89.39 96.93 95.49 86.30 72.67
A 0.47  0.46 -0.77 1.16 3.09 2.25 2.13 3.31 -0.43
nnPUss | 83.88 94.40 92.99 92.43 88.26 94.00 93.50 84.24 80.40

0.3 | nnPUcc | 83.64 95.48 92.15 96.44 93.26 98.47 97.56 92.56 80.77
A -0.23  1.08 -0.84 4.01 5.00 4.47 4.06 8.32 0.37
nnPUss | 85.81 89.25 92.58 93.46 84.07 85.91 83.70 84.98 74.28

0.5 | nnPUcc | 85.66 96.75 93.20 97.50 94.54 99.12 98.58 95.16 83.04
A -0.16  7.50 0.62 4.05 10.47 13.21 14.88 10.19 8.76
nnPUss | 81.94 81.83 82.27 88.26 76.42 83.24 85.71 79.87 69.13

0.7 | nnPUcc | 85.04 97.74 90.38 96.14 95.31 99.37 99.05 96.38 80.30
A 3.10 1591 8.11 7.88 18.89 16.13 13.33 16.51 11.18
nnPUss | 44.34 89.43 85.44 30.24 24.56 87.21 86.61 25.70 46.79

0.9 | nnPUcc | 62.40 98.71 79.86 74.77 95.55 99.58 99.25 91.36 68.05
A 18.06 9.28 -5.57 44.53 70.99 12.37 12.64 65.67 21.26

[g]

Model | California Credit Electricity Wine 20News HateSpeech IMDB PoemSentiment SMSSpam

nnPUss 81.27 63.93 74.60 68.42 78.46 88.00 72.55 82.57 89.27

0.1 | nnPUcc 81.27 64.07 74.82 69.61 79.82 88.00 73.14 82.76 88.68
A 0.00 0.14 0.22 1.19 1.36 0.00 0.59 0.19 -0.58
nnPUss 83.74 67.59 76.33 69.96  79.63 86.40 71.35 82.86 94.20

0.3 | nnPUcc 84.60 67.89 76.95 73.55 83.53 86.44 75.72 82.86 95.64
A 0.86 0.30 0.62 3.59 3.90 0.05 4.36 0.00 1.43
nnPUss 84.03 69.67 77.08 72.15 73.08 83.00 71.01 82.10 92.26

0.5 | nnPUcc 85.78 70.68 77.51 76.46  85.86 84.28 76.32 82.38 96.83
A 1.75 1.01 0.43 4.32 12.78 1.28 5.31 0.29 4.57
nnPUss 85.45 71.69 77.47 72.11  72.80 71.71 70.83 72.38 77.40

0.7 | nnPUcc 87.44 73.94 78.20 78.63  88.64 80.01 77.38 79.90 96.48
A 1.99 2.25 0.73 6.52 15.84 8.31 6.55 7.52 19.08
nnPUss 83.13 71.34 76.06 70.78  81.35 44.69 70.96 34.57 40.71

0.9 | nnPUcc 89.85 76.13 79.58 82.97 92.80 63.64 79.70 59.14 89.85
A 6.72 4.79 3.51 12.19 11.46 18.95 8.74 24.57 49.14
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Figure 3.2: Change of accuracy with label frequency increase for single sample datasets

[IMG] MNIST SS [IMG] Snacks SS [TXT] SMSSpam SS

- — —— —— “=== Method
— nnPUcc
nnPUss

|

S s

o
@
\

Accuracy
o o
+

0 5 1 15 2 25 30 35 40 45 5 0 5 10 15 20 25 30 35 40 45 5 0 5 10 15 20 25 30 35 40 45 50
Epoch Epoch Epoch

Figure 3.3: Test accuracy per epoch, selected single sample datasets, c = 0.9

common for text and tabular data. Note that the for the correct method, in vast majority of cases
accuracy tends to steadily increase as the label frequency rises, while the alternative methods’
performance starts to drop off. Figure illustrates this phenomenon for SS datasets, but the
former statement holds true for case control data as well. Depicted behavior seems to indicate
overfitting of the ill-specified method for high ¢ values, which, as apparent in Figure occurs
on multiple datasets and is the major cause of the classification performance deterioration. We
stress that as in the positive-unlabeled problems we have no access to the fully labeled validation
dataset, robustness to overfitting is drastically more important for any PU learning method than
in the binary classification task. Overall, ill-specified methods are prone to overfitting after
only a couple of epochs. Rare cases, where they do not overfit, match cases, where the overall

accuracy of both methods stay close.

In order to understand the behavior of both methods better, closer inspection of a change of
risk values during training is crucial. Figure illustrates a typical risk component changes
throughout the learning process for both nnPUgg and nnPU... Note that even when wrong
method is applied (nnPU, for single sample datasets and vice versa) the "correct" risk values
still decrease throughout training. This suggests that for both nnPUgs and nnPU gradients
might point in the similar directions, and explains why (especially in the initial training epochs)

learning does not fail completely. It is also interesting to consider reasons why this does not
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Figure 3.4: Risk components per epoch, Snacks dataset, ¢ = 0.9. "Method" values refer to risk
values obtained during training, whereas "Correct" values — to the ones which would be obtained
in the given epoch if scenario-aware risk would be applied.

hold true throughout whole training. When attempting to train nnPUgg on the case control data
(Fig. upper right), note that for the correct, case control-tailored risk value, non-negative
risk component RP —R®" drops well below 0 — which is strongly undesirable and is normally
discouraged in Algorithm |1}, step Due to this, severe overfitting occurs only a few epochs
into training. In the symmetric case, nnPU. on the single sample data (Fig. lower left),
the problem is slightly different. Due to R” being underestimated by the algorithm (as it expect
more positive examples in the unlabeled dataset), nonnegative component of the risk quickly
falls towards O and starts oscillating in its vicinity. This time step [11] of Algorithm [1]is activated
very early. However, by the view of the correct, scenario-aware risk function, these updates are
counterproductive — they are only valid when nonnegative component stops being positive — and

counteract quasi-valid updates of the model, causing performance decline.

3.7 Conclusions

In this chapter, we discussed issues with automatic application of PU learning methods without
taking into account labeling scenario constraints. To this end, we introduced nnPUg — equivalent
of nnPU (denoted in this chapter as nnPU..), a popular benchmark method in PU learning
papers, tailored to SS scenario — and through experiments, we exposed dangers of incorrect
method selection, and identified reasons for such behavior. Obtained results indicate that for
high-enough label frequencies (approximately ¢ > 0.5), using algorithms not devised for a
particular scenario might incur a major performance loss, and — especially in the case of ranking

classifiers according to their performance — might put the method investigated at the huge
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disadvantage. We also introduced a correct form of nnPUgg classifier for SS data and indicated
that its algorithm can be easily obtained from the algorithm of nnPUgg classifier by changing

one line of its code.
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Chapter 4

No-SCAR PU learning problem

4.1 Problem introduction

In the previous chapter, we have discussed the SCAR PU learning problem, where the labeled
data distribution matches the distribution of the positive class. This property greatly reduces the
problem complexity; this was evident in the nnPU case, as the SCAR risk function was simplified
by applying the SCAR assumption. However, in many real-world applications, this assumption
is not valid — in practice, it is much more common that labeling introduces some sort of bias, be
it age or weight in medical risk analyses, ease of labeling in expert reliant fields, or any other
factor which affects the uniformity of the labeling process.

In this chapter, we will discuss the no-SCAR PU learning problem, where the labeled data
distribution does not match the distribution of the positive class. This makes the problem signifi-
cantly more complex, and not solvable without introducing additional assumptions. Accounting
for bias in labeling is an important research trend in recent years to combat limitations of the
SCAR approach applied in the earlier works. This lead to proposing several new methods in
the recent years: most prominent of those are the LBE (Gong et al. |2021) method modeling
propensity score explicitly using an approach based on Lemma and SAR-PU (Bekker and
Davis |2018b), using an EM procedure to iteratively improve posterior probability predictions.
This chapter will center around yet another no-SCAR method, called VAE-PU, which uses an
variational autoencoder to generate positive unlabeled examples and thus avoiding the need
to model the propensity. We first introduce the model predecessors and explain the basis of its
operations; after that, we will discuss VAE-PU’s issues, and propose a series of improvements
and key modifications which led to creation of the VAE-PU+OCC model. We describe the model
and comparing its performance on several datasets, contrasting its performance with the base
VAE-PU, as well as LBE and SAR-PU.

45
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Figure 4.1: Simple autoencoder architecture

4.2 Variational autoencoders

Autoencoders (AE) (see e.g. Bank, Koenigstein, and Giryes (2023)) are a type of neural network
architecture that aims to reproduce its input as an output. They work by compressing the
input set x into a latent-space representation using an encoder, and then translating that

representation back into input space reconstruction X via a decoder:

2z = Encoder(x)
4.1)
X = Decoder(z)

The latent space is a lower-dimensional representation of the input data, which forces the
model to learn the key properties allowing for precise example reconstruction. Figure
shows a graphical representation of the simple autoencoder architecture described above. The
autoencoder is trained to minimize the reconstruction error, that is the difference between the
input and the output, which is typically measured using the mean squared error (MSE) loss

function: .
1 ~
MSE = — E (x; — x;)? (4.2)
n 4
i=1

The latent space of an autoencoder is unregularized, meaning that it has not been explic-
itly structured or constrained during training. This lack of imposed structure has important
consequences. First, the representation in the latent space may not be a continuous function
of the input, meaning that small changes in the input data may result in large changes in the
latent representation. The latent space may also not be smooth, meaning that nearby points

in the input space may not be nearby in the latent space. Another issue is that some of the
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regions of the latent space may not contain any observations, making it difficult to generate
new data points from these regions. That means that attempting to decode the latent space
sample from outside the training data distribution may result in a nonsensical output. This can
make it difficult to generate new observations from the latent space, as the model may not be
able to smoothly interpolate between known data points. Due to all of the above limitations,
applications of pure autoencoders are fairly limited, mostly to the tasks like data compression
and denoising (Bank, Koenigstein, and Giryes |2023; Kogler et al. 2024; Lee, Ozger, et al. 2021)).
To address those issues, variational autoencoders (VAE) (Kingma and Welling 2019)
introduce a regularization term that forces the latent space to follow a specific distribution.
This is achieved by adding a Kullback-Leibler (KL) divergence term to the reconstruction term,
which measures the difference between the conditional latent space distribution and a prior
distribution. Also, the reconstruction term itself is modified (see Eq. below).

The KL divergence term between two distributions P and Q on the same support is defined
as (see e.g. Cover and Thomas (1991)):

P(x)
Q(x)

Dy (PIIQ) = > P(x)log (4.3)
X
Any type of distribution can be used as a latent distribution, but the most common choice
prevalent in literature is multivariate standard normal distribution.
The other core property of VAEs is enabling probabilistic generation of new examples. Instead
of directly encoding the input data into the latent space, VAEs encode the input data into the

parameters of latent probability distribution:
[u; o] = Encoder(x) 4.4)

The latent space observations can be then sampled from this distribution (for simplicity, we will
assume conditional latent distribution q(z|x) to be a multivariate normal distribution A (u, %),

where u = (U, Uy, ..., 4y) and = = diag(c?, 03, ...,02)):
q(z|x) = A (u,X) (4.5)

The decoder then generates the output based on the sampled latent space, exactly as in the
simple autoencoder case:
X = Decoder(z) (4.6)

The VAE architecture described above is shown in Figure (4.2

The formulas used in the description above suffer from a key problem — using Equation (4.5))

directly is impossible, as it cannot be optimized using backpropagation algorithm. To address
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Figure 4.2: Variational autoencoder architecture

this issue, the reparametrization trick (Kingma and Welling 2019) is used. Instead of sampling
from the distribution directly, the latent space observation is sampled from a standard normal
distribution and then transformed into the desired distribution using the mean and standard

deviation obtained from the encoder:
g = ‘u, +0-€ (4.7)

where € is a sample from the standard normal distribution € ~ 4(0, 1). This can be done as due
to its properties, z in Equation has A (u, o?) distribution. This way, the randomness source
€ is decoupled from learnable model parameters u and o, allowing for the use of backpropagation
while still preserving the stochastic nature of the model. Note that reparametrization trick
is applied to every component of z separately, that is the above notation is a shorthand for
2 =u; +0;-€;,1=1,...,J, which is feasible due to assumption that the components of z are

independent. The final reconstruction process can be then summarized as follows:

[u, o] = Encoder(x)
Z=U+0-€ (4.8)

X = Decoder(z)

In contrast to the simple autoencoder, the VAE architecture allows for powerful generative
capabilities. Structured and regularized nature of the latent space allows for probabilistic
generation of new examples and smooth interpolation between known observations, and the

reparametrization trick enables the use of backpropagation for optimization. This makes VAEs
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a powerful tool for a wide range of tasks, including image and text generation (Wang, Gan,
et al. |2019)), representation learning (Sadok et al. 2024), and anomaly detection (Nguyen et al.
2024) in addition to capabilities offered by the autoencoder models (Kingma and Welling 2019j
Jiang et al. 2017).

The core objective of training a VAE is to maximize the likelihood of the observed data p(x).
However, directly maximizing this likelihood is infeasible due to representation of p(x) as the

integral over the latent variable z:

p(x)= fp(x,Z)dz (4.9)

To address this issue, we approximate true posterior p(z|x) by the variational approximation
q(z|x). The goal is to make q(z|x) as close as possible to p(z|x). This can be achieved by
maximizing the Evidence Lower Bound (ELBO), which is a lower bound on the log-likelihood
of the observed data.

The ELBO can be derived as follows. First, we start with the log-likelihood of the observed
data:

logp(x) = logfp(x,z)dz (4.10)
We then introduce the variational approximation q(z|x) inside the logarithm:

X,2
logp(x) = logf q(zIx)Mdz = logEq(z|x)[

4.11
4G 10

p(x,Z)]
q(z]x)

Now, we will use Jensen’s inequality, which states that for any convex function ¢, E[¢(x)] >

¢ (E[x]). In our case, we will use the logarithm function, which is concave, so we will reverse

the inequality — we can move the logarithm inside the expectation to obtain a lower bound:
p(x,Z)]

logp(x) = E,,, [lo — (4.12)
] R TR

The right-hand side of the inequality is the ELBO, which we denote as %o (x):

p(x,Z)]

q(z]x)

p(XIZ)p(Z)]
q(z[x)

Lrpo(x) = Eq(alx) [log
(4.13)

=EyG1x) [108
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This can be rewritten as:

(2)
=%ELBO(X) = ]Eq(z|x) [logp(xLz)] + IEq(z|x) |:10g ﬁ]
= B,y [log p(xlz)] + f a(zlx)log qff;) &z @.14)
(zlx)
= By [log p(x|2)] - J q(z|x)log qp”;;; dz

The second term is the KL divergence between the approximate posterior q(z|x) and the prior
p(z), thus the ELBO can be written as:

Zripo(X) = Eqpn[l0g p(x|2)] — D ((2]x)lIp(2)) (4.15)

reconstruction term regularization term

Maximizing the ELBO with respect to the parameters of the encoder and decoder networks
is equivalent to maximizing the lower bound of log-likelihood of the observed data (which
improves the reconstruction capabilities of the network), while simultaneously minimizing (due
to negative sign) the KL divergence between the approximate posterior and the prior, serving as
a regularization term for the latent space. Thus, optimization of ELBO ensures that the latent
space is structured and regularized, enabling the generative capabilities of VAE via the interplay

of reconstruction and regularization terms.

4.3 Variational Deep Embedding

VAE-PU model, core to the remainder of this thesis, is rooted in another variational model —
Variational Deep Embedding (VaDE) (Jiang et al. 2017). VaDE is a generative model that
combines the power of VAEs with the clustering capabilities of Gaussian Mixture Models
(GMMs). The model is designed to learn a deep representation of the data that is both structured
and regularized (close to the latent prior), enabling clustering of the observations coupled
with powerful generative capabilities, making generation of examples belonging to any of the
specified clusters feasible. VaDE can be viewed as a generalization of VAE, in a sense that a
single Gaussian distribution is replaced by a mixture of Gaussians, allowing for more complex

composition of the latent space and making it more suitable for clustering tasks.

The Gaussian Mixture Model is a probabilistic model that assumes that the data is generated
by a mixture of several Gaussian distributions. The model is defined by the number of components

K, the means u,, variances O'i, and mixing coefficients 7t; for each component k. The probability
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Figure 4.3: VaDE generative process. Note that after obtaining z for a given cluster, x is generated
based on only z, independently of c.

density function of the GMM is defined as:

K
p(x) = > N (x|ug, 021) (4.16)

k=1

where A (x|, o71) is the probability density function of the Gaussian distribution with mean
u and variance O'i. The notation oI is a shorthand referring to a covariance matrix such
that only marginal variances are non-zero, i.e. 0*I := diag(c?,02,...,02). The parameters of
the GMM are typically learned using the Expectation-Maximization (EM) algorithm (Bishop
(2006), Chapter 9.4), which iteratively estimates the parameters of the model by maximizing
the expected likelihood of the data. In the context of VaDE, the GMM is first used to initialize
the latent space distribution before training the core deep clustering model learning its own
mixture-of-Gaussians distribution.

The core of the VaDE method is defined along the lines of the generative process used to
generate the examples belonging to each of the clusters. The process to generate example x can

be summarized as follows:

1. Choose a cluster ¢ ~ Cat(7) — categorical distribution with mixture coefficients w =

(7, Ty, ..., Tx | for each of the K clusters,

2. Choose a latent representation z ~ A'(u,, 02I) — Gaussian distribution with mean p, and

covariance 0? corresponding to the chosen cluster c, similarly to the GMM framework,

3. Compute parameters u, and ai for conditional distribution of x given z using a decoder

fo (where 0 is a parameter of the decoder network):
[,;log o] = fo(2) (4.17)

4. Choose an example x ~ A (u,,o2I).

The generative process described above is illustrated in Figure As a consequence of the
way the process is generated we remark that x L c|z. Thus, the joint probability p(x,z,c) is

factorized as:
p(x,z,c) = p(c)p(zlc)p(xl|z) (4.18)
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Figure 4.4: VaDE variational approximation. Note that both z and ¢ are obtained from x
independently.

where p(c) is the prior distribution of the cluster, p(z|c) is the prior distribution of the latent
space given the cluster and p(x|z) is the likelihood of the data given the latent representation.

We can define those probabilities as:

p(c) = Cat(c|m)
p(zlc) = A (zlu,, o21) (4.19)
p(x|z) = A (x|u,, o2I)

VaDE model is trained by maximizing the log-likelihood of the observed data, which can be

expressed as:
K K
logp(x) = logZp(x,c) = logZJp(x,z,c)dz (4.20)
c=1 c=1

Assuming that g(z, c|x) is the variational approximation to the true posterior p(z,c|x), we can
lower-bound the log-likelihood using the Jensen’s inequality, similarly to the VAE case described
in the previous Section, obtaining the evidence lower bound ;5o (x):

p(x,z,c)

g 4(z, clx) ] = Zupo(x) (4.21)

logp(x) = Eq( 1) [10

In VaDE, q(z, c|x) is additionally assumed to be a mean field distribution, factorized into
q(z,c|x) = q(z|x)q(c|x) — or equivalently, we have z 1L c|x (depicted in Fig.|4.4). Then ELBO
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can be then expressed as:

p(x,z,c)]
q(z,clx)

. p(x|z)p(z|c)p(c) (4.22)
‘Eq@dﬂ[lo 1Gxq(cl) ]

= Ey(sc) [10g p(x[2) +10g p(z]c) + log p(c) —log q(z]x) —logq(c|x)]

"%ELBO(X) = ]Eq(z,c|x) |:10g

In VaDE we model q(z|x) using an encoder h,, where ¢ is a parameter of the encoder network:

[Fislog 5] = hy (x)

e (4.23)
q(zlx) = A (2|1, 5°T)

Encoding process is identical to VAE, and for optimization purposes, the reparametrization trick
is used to example z from q(z|x): 2 = i+ 0 - €. Additionally, it can be shown (Jiang et al. |2017)
that maximizing ELBO wrt q(c|x) = g, (c|x) yields that

alclx) = plels) = LA (4.24
2.1 P(zlc)p(c)
The empirical equivalent of Equation (4.22)) is (see Appendix for derivation):
1 : 1 & (=)
Lripo(x) =—3 plog2n+z logai + Zzl—z
i=1 =1 O-xi
K J ~2 ~ 2
1 o 95 (W)
_EZYCZ(IOgOC’f+o-2.+ pey
c=1 j=1 c,j c,j (425)

+
N| =
M-

[y

(log 57+ 1)

TEC
+ y.log —,

c

M=~

[y

c=

where L is the number of Monte Carlo examples for each feature vector used in reparametrization

trick, J is the dimensionality of u., o2, i, and G2 and y, denotes g(c|x) for simplicity.
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Note that ELBO from Equation (4.22) can also be rewritten alternatively as:

Lrpo(x) = Eqez,clx) [108 %]
_ p(x|z)p(z|c)p(c)
= Eyan 1 aGzh)q(clo) ]
(zlc)p(c)
= ]Eq(z,clx) [IOgP(X|Z)] + ]Eq(z,C|X) |:10g %] (426)
(z,¢0)
= IEq(z,clx) [1ng(X|Z)] + IEq(z,c|x) |:10g %]

= Eye.cpx) [108 p(x12)] = Dy (g (3, )l |p(2]c))

~

reconstruction term regularization term

This form of ELBO is more similar to the one used in VAEs — the first term is the reconstruction
loss, while the second term is the KL divergence between the variational posterior q(z, c|x) and

the prior p(z|c) regularizing the latent space.

4.4 VAE-PU model

Strong clustering performance of VaDE combined with its cluster-specific example generation
inspired development of many other methods based on similar architecture. VAE-PU method (Na
et al. 2020) is one of such methods, designed to address the no-SCAR PU learning problem
in the context of deep generative models. The core idea behind VAE-PU is to leverage the
generative capabilities of VaDE to generate examples from the unknown positive-unlabeled data
distribution, since in the no-SCAR scenario the distribution of labeled positives differs from that
of positive examples present in the unlabeled dataset. Recall Equation (2.7)) introduced as a
part of Theorem which represented the no-SCAR PU learning problem risk in the following
form:
R(g)=P(S = 1)]EX|S:1 1(g(x))
+P(Y=1,8= 0)(EX|Y=1,5=0 (I(g(x))—l(—g(x))) revisited)

+ P(S = 0) Ex|s—o [(—g(x))

Note that the above equality can be justified by the following reasoning: the first term in
Equation is a correct part of risk corresponding to an assignment of all labeled elements
to the positive class, the third term corresponds to assigning all unlabeled items to the negative
class, and the second term is the correction of the latter which accounts for the error committed
in the case of positive unlabeled (PU) data which should be classified as positive. Note that

R(g) is not directly estimable as the second term involves calculation of the expected value with
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Figure 4.5: Motivation of separation on the latent variable of label(hy)and the latent variabe of
observation indicator (h,, denoted as h, in our paper) to overcome the Selected Completely At
Random (SCAR). We illustrate the distribution that can be clarified from the data as the solid
lines, and the unknown distribution from the data as the dotted lines. g(x) is the label classifier
that separates positive (p,) and negative (p,)distributions. If a bold font "3" is selectively
labeled as positive, which violates SCAR, the data distributions of positive labeled (p,;) and
positive-unlabeled (PU) (Pp) become different. The previous PU learning with SCAR does not
distinguish between p,, and p,, as (a). Therefore, the model takes into account the observation
indicators of labeling, as well as the labels. Figure and caption taken from Na et al. (2020).

respect to the distribution of the positive unlabeled cases, which is not observed. Its estimation

will involve reconstruction of such elements. Namely, the empirical counterpart R,,,,(g) of R(g)

Remp(g)_ Tpy Z l(g(x(pl)))_,_ﬂ Z l(g()’z(pu)))

is

B |XPL| x(pl)elPL |fPU| f(PH)e)?PU
Tpy ~(pu
+max 0~ > (=g (4.27)
XPUl shuez,y
T
+—= > 1(—g(x™) ¢,
|ZU|X(”)€XU

where ypy, ¥y and yp; denote positive unlabeled set, unlabeled set and positive labeled set,
respectively, and |A| stands for the set A size. Then, t,, = P(S = 1), mpy =P(Y =1,S =0), 1, =
P(S = 0), where P denotes estimate of probability P. Importantly, 7py in denotes some
estimate of positive unlabeled set yp; we are about to construct.

To obtain the reconstruction of the positive unlabeled data, VAE-PU uses the generative
autoencoder inspired by VaDE approach. In order to achieve this, it is assumed in Na et al.
(2020) that every observation has two characteristics, one responsible for its class assignment
(positive or negative), and one connected with its labeling status (labeled or unlabeled). The

intuition behind this assumption is depicted in Figure This assumption motivates the use
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Figure 4.6: VAE-PU generative process. h; does not depend on c, x is generated based on h,
and h,, independently of c, and s is generated based on h;.

Figure 4.7: VAE-PU variational approximation. Note that h, and c are obtained from x indepen-
dently, and h, is obtained from both x and s.

of a latent space consisting of two random components, where one (h,) is responsible for the
example’s class assignment, and the other for its labeling status (h,). The assumed probabilistic
graphical model of the variational autoencoder is shown in Figure VAE-PU preserves the
VaDE clustering mechanism with number of clusters K = 2, and ¢ becomes the indicator of
the instance being positive regardless of its labeling, effectively distinguishing the positive and
negative clusters. Variable h,, as the latent class assignment representation, depends on c, while
h is obtained independently of c. The example x is then generated based on h, and h;, as we
assume that both of them characterize the observation, while its label s needs only information

contained in h,. The generative process of VAE-PU can be summarized as follows:
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1. Choose a cluster ¢ ~ Bern(7t) — now c is a binary variable indicating the positive/negative
cluster,

2. Choose a latent representation h, ~ A (u,, 0?I) - latent class indicator representation for
the chosen cluster c,

3. Choose a latent representation h, ~ A(0, ) — independent of the cluster assignment,

4. Compute u, and o> using a decoder f, (where 0 is a parameter of the decoder network):
[nu’xJ log O-)zc] = fG(hyJ hs)

5. Choose an example x ~ A (u,, 0'32(1),

6. Decode labeling status distribution parameter using the observation classifier f&5 (where &

is a parameter of the observation classifier network):
rs = fSE (hS)

7. Assign a label s ~ Bern(r;).

The generative process above leads to the following joint probability factorization:

p(x,hy,hg,c,s) =p(c)p(h,|c)p(hy)p(x|h,, h)p(s|h,) (4.28)

where p(c) is the prior distribution of the cluster, p(h,|c) is the prior distribution of the latent
class assignment given the cluster, p(h,) is the prior distribution of the labeling status, p(x/|h,, h,)
is the likelihood of the data given both of latent representations, and p(s|h,) is the likelihood of
data labels given the labeling status representation. In VAE-PU case these distributions can be

defined as:
p(c) = Bern(c|m)

p(h,lc) = A (h, |y, o2I)
p(h) = A(hl0,1) (4.29)
p(x|h,,h) = A (x|u,, o)
p(slhy) = Bern(s|ry)
Similarly to VaDE, the variational approximation q(h,,, hy, c|x, s) to the true posterior p(h , h, c|x, s)

is introduced in order to follow the variational inference paradigm. It is assumed to be a mean
field distribution, i.e. ¢ 1L h, 1L h¢|x,s (see Fig. , and we also assume that the class related
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variables (hy and c) are independent of the label s, which leads to the following factorization:

q(hy,h,clx,s) = q(h,|x,s)q(hs|x,s)q(cl|x,s)

(4.30)
= q(hy[x)q(hlx,s)g(c|x)

After a derivation similar to VaDE, we obtain ELBO for VAE-PU model (cf (14) in Na et al.
(2020)):

ZLypo(x,s)

p(hy,hg,c,x,s)

q(hy,hg,clx,s) (4.31)

=B, o clx) [ 108D (x |y, B) +log p(hy |c) +log p(s|hy) +log p(h,) +log p(c)
—logq(h,|x) —logq(h|x,s) —logq(clx)]

= IEq(hy,hs,clx,s) lOg

and its empirical equivalent (see Appendix for derivation):

g\ELBo(X:S)

L (x®— )2
(plog2n+2(logoxl +— Z ))
2 o 32
(e

CE{O 1} j=1 C] O.C,J'

+ %Z (1 +log Gf«i) (4.32)
=1

Is

_%Z(l +log02’j—052,j_‘uij)

j=1
+ Z yclog—
ce{0,1}

+slogs+ (1 —s)log(1—75),

where L is the number of Monte Carlo examples for each feature vector used in reparametrization
trick, J, and J; are the dimensionalities of latents h, and h; respectively, s is the output of the
observation classifier, u, and o, denote output mean and variance of the encoder of variable x,
and v, denotes q(c|x) for simplicity. Note that Equation has a different form than the one
presented in Na et al. (2020) — reconstruction term used by Na et al. is adapted to the binary
situation, where the modelled distribution is a product of D independent Bernoulli distributions,

which, while simpler in form, is rarely used in practice.
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To ensure that the generated positive unlabeled instances will be representative of the
distribution of positive unlabeled set, during the VAE-PU training two additional losses are used
in Na et al. (2020) in addition to the ELBO. The first one is the adversarial generation loss

“2,qv utilizing a discrimination network D separate from the rest of VAE-PU, defined as:
gadv = ]Ex~pU(x) IOgD(X) + IEx~ppu(x) lOg (1 - D(X)) (4.33)

and its empirical counterpart:

— 1
gadv :l_ Z 1OgD(X(H))

U | x(u)EXU

1
| Zvul

(4.34)

+ log(l—D(BZ(p“))).

xPVeypy

By optimizing this loss, we ensure that the generated positive unlabeled instances are close to
the unlabeled instances. The second additional loss is the target loss (called label loss in Na
et al. (2020)) %L e, utilizing the target classifier g:

gtarget = ]EXNPPU(X) l(g(.X')) (435)

with its empirical counterpart being:

— 1 N
ztarget =1= Z (g (x(pu))) . (4.36)
| Zpul

¥Peypy

The target loss is used to ensure that the generated positive unlabeled instances are close to the

true positive instances.

The final objective function of VAE-PU is then defined as:
ITlGiIl mglx(_gELBO + agadv + ﬂgtarget) (437)

where a and 3 are hyperparameters controlling the importance of the adversarial generation loss
and the target loss, respectively, G consists of the variational encoder, decoder and observation
classifier networks of the VAE-PU, and D is the discriminator network. We kept the values of
the hyperparameters consistent with the ones used by Na et al. (2020). Due to the adversarial
generation loss, the optimization becomes a min-max problem. %o specifies how much
VAE-PU can represent the input data, and Z,,, brings the generated PU instances closer to

unlabeled, and %, — positive, distributions respectively.
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Given the trained VAE-PU model, we can generate an artificial positive unlabeled dataset

Zpy in the following way:

1. Match positive and chosen unlabeled examples into pairs. The are multiple ways to
approach this problem, and the one used throughout this thesis is matching the examples
with nearest h, representation — see Section for further discussion of example
matching,

2. For each pair, extract latent label information from positive instance (hgf’”) and latent

observation status from unlabeled set (hg“)),
3. Concatenate hfvp’) and hg“) to obtain the combined latent representation,

4. Decode the latent representation using decoder f, to obtain the generated positive unla-
beled instance.

The examples generated this way are then used in the second step of the training, optimizing
the target classifier g:
mginRemp (g), (4.38)

where R,,,,(g) is defined in (4.27) That allows us to obtain the final classifier ¢ which can be
used for future predictions.

4.5 Modifications of VAE-PU

Although generative approach of VAE-PU proposed in Na et al. (2020) has significant advantages,
there are several aspects of it amenable to improvements, both in the model formulation and
implementation details. In the following we discuss some modifications which we introduced
to the original version of VAE-PUE We recall that the prior probability 7t is assumed to be
known. The modifications described here provide the basis for all of the VAE-PU based methods
presented in this thesis: VAE-PU+OCC, the first model we introduce later in this chapter, as well
as VAE-PU+FOR and VAE-PU-Bayes, which will be presented in Chapters [5|and [6], respectively.

4.5.1 Loss function

The original function used by VAE-PU is the inverse sigmoid loss: [, (z) = (14 ¢*)~". Although

this function is monotone, theoretical risk E [, (Y g(X)) corresponding to it has no stationary

sig
point when P(Y = 1|x) # % (i.e. g* such that VR(g*) = 0 does not exist, see Appendix for
more details) whereas in the case of logistic 10ss [jogic(2) = log(1 + e7*) the function being

!Available at GitHub: https://github.com/wp03052/vae-pu
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Table 4.1: Comparison of different item matching algorithms, MNIST 3v5 dataset

Dataset Mean digit boldness
PL 0.2475
U 0.1346
True PU 0.1397
Generated PU — h-matching 0.2255
Generated PU - h,-matching 0.1451

the stationary point g* of the risk is a monotone function of odds of posterior probability
g*(X)=P(Y =1|X)/P(Y = —1|X). Thus the corresponding classification rule is a Bayes rule
(see Appendix. Consequently, [;, has heuristic justification only, whereas ;o4 has a strong
theoretical underpinning. This is a main reason we have replaced the inverse sigmoid loss by

the logistic loss in our implementation.

4.5.2 PU example generation process

During example generation process, positive observations have to be matched with chosen
unlabeled examples. Using values of latent variable h, for labeled data, denoted by hgpl) we can

construct pseudo-dataset pertaining to P, in the following two ways:

(i) for each element of labeled dataset with corresponding vector (hgf’l), hgpl)), one finds an
element among unlabeled examples with (h(y“), hg“)) such that h(y”) is the closest to hg}’” wrt

the euclidean distance (h,-matching) and creates a latent vector (h(yp”, hg”)) which mimics
latent (hy,hs) vector of a potential positive unlabeled observation. From this vector a
pseudo-observation from positive unlabeled (PU) population is reconstructed by decoder
part of VAE,

(ii) the above procedure is repeated, but now the matching element from unlabeled data is
chosen by picking (h(y”), hg”)) such that k™ is closest to %" (h,-matching). The remaining

part of the construction is the same.

Similarly to the choice of the specific loss function, VAE-PU does allow for arbitrary way of
estimating the PU class. In particular, it can be based on matching process described above. In
the paper (Na et al. [2020), it is suggested that the items are matched according to (i)l method
described above i.e. based on the distances in h, latent space — each item in P set is matched
with the item from the U set with the closest h,, representation.

However, in the actual implementation, distances in the h, space were used instead, as

described in|(i1)|above. We believe that generating PU examples in that way leads to deterioration
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of the generative properties of the VAE-PU. Results of one of the tests conducted by us, illustrating
the generation process on the MNIST 3v5 dataset, are shown in Table Items were labeled
based on the digit boldness, with bolder digits having a higher chance on being labeled. It is
apparent that h,-based example matching leads to generation of the examples more similar (in
terms of boldness) to the true PU set than h,;-based example matching, where the generated
items were more similar to PL set. It is the reason why in the modified algorithm we used

h,-based item matching.

4.5.3 Max term introduction in empirical VAE-PU risk

The issue we explain now is our main motivation for VAE-PU to be modified using one-class clas-
sification approach. Consider the reason why max term has been introduced in Equation ﬂ
This is mainly due to the fact that the observations in y,, are replaced by pseudo-observations
in ¥py, which do not form a subset of y, and thus the estimator of of a nonnegative summand of
the risk equal to

El(g(—X))I{S =0}El(g(—X))I{S=0,Y =1} (4.39)

is not necessarily positive. For case-control PU truncation at O results in significant improvement
for the corrected estimator nnPU over its un-corrected version uPU (Sugiyama et al. (2022),
Chapter 11). Truncation leads to a substantial loss of information, however. Truncation is meant
to decrease bias of R,,,,(g) and, of course, it does the trick when we know that the theoretical
counterpart of the term we replace by O is necessarily non-negative. However, once the term
is truncated by 0, we can not modify it to make it asymptotically unbiased for the respective
theoretical term. We argue that the truncation is not necessary if the set of pseudo-observations
X py is replaced by the subset of observations from y, which is similar to y,; . Indeed, suppose
for a moment that ¥, in (4.27) is replaced back by the true y,;. The corresponding part of the

empirical risk is

— ST () + T (g ). (4.40)
|%pul |2l

x(Peypy xWeyy

The expression above is bound to be positive as in view of Law of Large Numbers 7, /| xpy| ~
7y /| xu] ~ n~! and the second sum in the above expression is larger then the first sum for original
data. Thus, were yp; a subset of y, satisfying the approximate weight equality, introduction of
max correction would not be necessary. Thus, our aim is to determine a subset of y;, which would
correspond to positive unlabeled observations. We show that instead of using the generated PU

items directly, it is substantially more beneficial to take advantage of the generated dataset to find

20ur modified implementation corrected the error in the original code (related to max term application) which
deviated from the original formula (4.27).
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the observations which are likely to be true-PU items in unlabeled dataset. The remaining part
of this chapter will be dedicated to the discussion of the ways to achieve this goal by one-class
classification and the results of such an approach.

In order to apply one-class classification we will treat y,,, constructed as described at the
end of Section [4.4| according to the h, matching described in Section [4.5.2} as the sample from
normal population described by P, distribution and y, as the sample corresponding to the

mixture of Pp; and Py.

4.6 VAE-PU+OCC - One-class classification enhancement of
VAE-PU

4.6.1 One-Class Classification OCC

One-class classifiers (OCC) are a family of methods which, given a training dataset drawn from
some normal distribution Py, test which of the new items are outliers or anomalies, in the sense
that they are drawn from a different distribution than the normal one; for a recent review see
Ruff et al. (2021). This task is also frequently known as anomaly (or novelty, outlier, out of
distribution) detection, or learning from the positive class only (Moya, Koch, and Hostetler
1993} Pimentel et al. 2014). There are many practical situations where such scenario occurs
e.g. medical analysis, fraud detection and forensic analysis. Note that there is a substantial
difference between one-class classification and biased PU problem. In contrast to one-class
classification when unbiased sample from positive class is available, in the latter case, as has been
said, we observe only biased observations from the positive class and the general population.
Nevertheless, we are able to reduce biased PU problem to one-class classification problem, by
treating ¥ py as the sample from the normal population pertaining to Pp; and y as the sample
generated from the mixture of P,;; and Py. Note that apart from the fact that ¥, are generated
from the distribution which is only close to P,, the second difference between PU and one-class
problems consists in that our primary objective is to detect normal data, not anomalies in y;.
Usually, the one-class classification methods output score value for each new example. We
mention in this context GAN-based methods which use the reconstruction loss as an anomaly
score, compare e.g. ADGAN algorithm (Schlegl et al. 2017). This is in contrast to classification,
where often we can interpret the results in terms of posterior probability or class assignment.
This score based approach makes evaluation of new data difficult to handle — for instance,
defining a decision function (in practice usually via a threshold) is difficult; for some methods
(e.g. One-Class SVM) such a boundary might be defined naturally, but many others fail to give

any statistical guarantees on their outputs. Several approaches exist to tackle this issue (Vovk,
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Gammerman, and Saunders |1999; Vovk, Gammerman, and Shafer 2005); here we use p-values
for scores based on validation set which ensure that p-value for observation stemming from
normal population will be super-uniform and thus probability of false signal (i.e. erroneous
detection of an outlier) can be easily controlled (Bates et al. |2023).

We will now discuss some specific one-class methods we used in our VAE-PU+OCC algorithm.
We stress that our aim is not to construct a new OCC method but to verify how the representative
examples of the existing ones perform in our task. The classical one-class classification methods
include One-Class SVM (OC-SVM) and Isolation Forest. In One-Class SVM (Schoélkopf et al. 2001)
approach, the coordinate center is treated as the only anomalous observation and hyperplane
is sought with maximum margin separation from it for data from the normal class. Isolation
Forest (Liu, Ting, and Zhou 2008) is based on an idea that anomalies can be detected in
random forests (thus one uses random subsets of the data and random sets of features) by
finding the leaves corresponding to the shortest paths in trees constituting the forest. Recently,
ECOD (Empirical Cumulative distribution based Outlier Detection) and A®> method has been
proposed. ECOD (Li, Zhao, et al. 2022) is based on a premise that anomalies of multivariate
distributions usually exhibit atypical behavior for marginal distributions of this distribution
corresponding to one or several dimensions and thus the constructed anomaly measure has
similar motivation to Fisher test statistic (see e.g. Bates et al. (2023)). Activation Anomaly
Analysis (Ag) method (Sperl, Schulze, and Bottinger |2021) is a significantly more complex
approach based on neural networks. It employs three components: target network, which
performs a task unrelated to anomaly detection (for example, autoencoder); anomaly network,
generating anomalous examples based on input (in the simplest form, it might be a random
sample generator, similarly to GAN); and alarm network, which discerns normal and anomalous
examples based on hidden activations of the target network. This method is designed to work

in unsupervised setting, but including some anomalous examples was shown to improve results.

4.6.2 VAE-PU+OCC - method introduction

The main idea of VAE-PU+OCC method is a straightforward one. The approach treats pseudo-set
Zpu as generated from the normal class, and uses the fact that y; is a set consisting of a mixture
of positive unlabeled elements (which are similar to elements in y,;) and negative elements
which are considered as anomalies. One-class classifiers are now used to screen anomalies
(elements with Y = 0) from regular elements (elements such that Y =1 and S = 0).

The main idea of VAE-PU+OCC is combining the VAE-PU powerful generative capabilities
and one-class classification. That means:

* The task is to find Positive Unlabeled (abbreviated as PU) observations yp; in the unlabeled

dataset,
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* Due to the biased labeling, Positive Labeled (PL) set y,; may not be used for this task as a
benchmark representative, as it has a different distribution from that of PU observations

xpy contained in the Unlabeled dataset y,

* Instead of using unavailable Positive (P) set yp, we will train the classifier on PU pseudo-

observations generated by VAE-PU itself,

* As we know PU pseudo-observations only, and we do not have any information on dis-
tribution of Negative (N) observations y,, we apply one-class classifier instead of the
traditional binary classification method. This classifier is be used to filter the true-PU items

out of the unlabeled dataset (which is a mixture of PU and N instances).

VAE-PU+OCC method applies a learned VAE-PU model. That means training all elements of
the model — both the generative part (encoder, decoder, observation classifier, discriminator)
and the target classifier itself. The trained target classifier is needed to include label loss in
process of VAE-PU training. Using target classifier pretrained in that way instead of reinitializing
the model is also beneficial for the quality of final model.

The final part of the training starts with generation of the PU pseudo-observations. Then, an
OCC classifier of choice is trained on the generated data — as noted before, the method does
not require any specific model. In this step, generated data is split into two (in our case, equal)
parts: training and calibration; training set is used to train OCC model, while calibration dataset
is reserved for subsequent p-value calculation. Then, based on the trained OCC model, all of the
observations in the unlabeled set are evaluated. Resulting scores are then converted to marginal
p-values by calculating the fraction of scores from the (pseudo)-normal observations exceeding
the score of an item examined. Based on the class prior provided to VAE-PU, we can then
evaluate the proportion of the PU items in the U dataset. Instead of using a predefined cutoff,
we can then take observations from unlabeled dataset corresponding to the largest p-values and
use that as an input to the VAE-PU risk function. This procedure is summed up in Algorithm
We stress again that using true-PU examples also solves the issue of loss reduction exceeding
the original loss, which means that the max term in risk function R,,,,(g) is no longer necessary.

Algorithm [2| contains only a general outline of the training procedure. Two of the more

specific improvements we used in our implementation are as follows:

1. In order to improve the diversity of the training set for the OCC classifier, the generation
process is repeated several times. Due to inherent randomness of the decoder, generated
observations will be slightly different in each generated batch. In our case, the process

was repeated until generated set size was equal to original dataset size,

2. We implemented early stopping to avoid overfitting the OCC procedure. Using OCC to
train VAE-PU target classifier usually causes its precision to increase, but the recall often
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Algorithm 2: VAE-PU+OCC training
Input: 7 — class prior, n — number of training items
1 Train VAE-PU model (encoder, decoder, target classifier, observation classifier and
discriminator); this process is described in detail in Section
2 while not converged do
3 Generate pseudo-set Xp; using trained VAE;
4 Train OCC classifier of choice on Xp;
5
6

Use OCC classifier to calculate marginal p-values for U dataset;
Calculate estimated proportion p of PU examples in U corresponding to

P(Y =1|S = 0):
_ TC_HST:] _ N —Ng—q
ho B Ny
7 Choose proportion p of all examples in U with the largest p-values as the candidate
PU set;

8 Update VAE-PU target classifier with the risk function R,,,,(g) and candidate PU set;
9 end

decreases slightly as a tradeoff. In order to balance both the precision and the recall values,
early stopping metric was the Fl-score on validation dataset. Procedure iteration limit
was set to 100 iterations, and early stopping usually decreased this to 10 to 20 epochs.
Some cases required only a few (3-5) iterations, but the core Algorithm |2| hardly ever

repeats more than 50 times.

It is also important to emphasize that there are several limitations on performance of the
OCC variant:

* Dependence on generated set quality (or, in general, baseline VAE-PU performance) — when
more adequate observations are generated, OCC is trained on more representative dataset

and its predictions become more accurate,

* Dependence on label frequency which is due to the VAE-PU nature of generation process
(i.e. matching each positive example to its closest neighbor in the latent space). When there
are few labeled examples, regardless of the process repeats, the amount of information in
the generated PU pseudo-set is also limited — all of the generated examples are based on
this small set of PL items.
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4.7 Experiments

4.7.1 Experimental setup

We assessed VAE-PU+OCC performance on several datasets to prove effectiveness of the OCC-
based example selection for construction of classifiers. Four benchmark datasets resulting in 6
different tasks were used:

. MNIS'IE]— two different tasks, 3 versus 5 (images of digit 3 are considered positive, 5 —

negative, abbreviated to 3v5) and OVE (images of odd digits are positive, even — negative),

. CIFAR-l(ﬂ— two different tasks, Car versus Truck (automobile images are positive, truck —
negative) and Machine versus Animal (airplane, automobile, ship and truck images are

positive, bird, cat, deer, dog, frog and horse — negative),

. STL-l— identical classes (but more complex images) as in CIFAR-10, Machine versus
Animal split is only considered,

* Gas Concentrationdﬂ — Ethanol examples are positive, Ammonia — negative.

Detailed description of the datasets is given in the Appendix [E]- there we also described labeling
schemes applied in order to construct artificially labeled datasets from those above, ensuring
correct no-SCAR problem modeling.

Main objective of this chapter is measuring the improvement provided by OCC-based example
selection on VAE-PU learning. To this end, performance of VAE-PU+OCC was compared to base-
line VAE-PU. The VAE-PU model was reimplemented in order to incorporate major performance
improvements, which allowed for study of increased array of experiments. Two implementations
were prepared (as included in the result tables), one incorporating modifications described at
the end of Section and the orig version, which preserves model settings from the original
paper. As VAE-PU was shown to outperform multiple models (uPU, nnPU, PUbN\N, GenPU,
PAN, PUSB; (Na et al. |2020), note that some of those models are designed for case control
scenario) — those comparisons will not be repeated here, but instead two additional methods
will be considered: SAR-EM (Bekker and Davis [2018b) and LBE (Gong et al. 2021). These
two methods reflect a current state-of-the-art in biased PU classification. We also note that our
proposed method and SAR-EM method are similar in that both are Empirical Risk Minimization

methods and thus it is especially worthwhile to compare their performance with the proposed

*http://yann.lecun.com/exdb/mnist/

“https://www.cs.toronto.edu/ kriz/cifar.html
*https://cs.stanford.edu/~acoates/st110/
®https://archive.ics.uci.edu/ml/datasets/gas+sensor+array+drift+dataset


http://yann.lecun.com/exdb/mnist/
https://www.cs.toronto.edu/~kriz/cifar.html
https://cs.stanford.edu/~acoates/stl10/
https://archive.ics.uci.edu/ml/datasets/gas+sensor+array+drift+dataset
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method. In case of SAR-EM, we use the implementation provided by the authorsﬂ In order for
the algorithm to work, it needs a list of data attributes on which propensity score potentially
depends - in our case, all attributes will be considered as such. We also prepared a custom
implementation of LBE-LF architecture (Gong et al. 2021) ("LF" stands for Logistic Function

version of the model).

VAE-PU+OCC model allows for an arbitrary choice of embedded one-class classifier. We
tested four OCC models: One-Class SVM (Scholkopf et al. 2001)), Isolation Forest (Liu, Ting,
and Zhou 2008), A® (Sperl, Schulze, and Béttinger 2021) and ECOD (Li, Zhao, et al. 2022). It is
important to note that in the experiments a slightly modified version of ECOD was used. In the
official implementatiorﬂ training and test dataset are concatenated, and then used to calculate
ECDF during prediction. The modified version uses only training data to calculate ECDF for
future predictions. Original VAE-PU paper (Na et al. 2020) considered only very low label
frequencies (e.g. ¢ = 0.02 for MNIST datasets). Although it is important to consider scenarios
where training data information is severely limited, such a task is very difficult, especially
considering its no-SCAR nature, and it is also rare that the training datasets exhibit that large
L-U set imbalance. That lead us to expanding the test cases to the multitude of label frequency
values, including the larger ones; for each dataset, five different label frequency values are
considered: ¢ € {0.02,0.1,0.3,0.5,0.7}. For each label frequency, dataset and method the
training and evaluation procedure is repeated 10 times, each time with different random seed
equal to experiment number. Each such experiment is performed with a training-validation-
testing split depending on the run number (preserving a constrant 70-15-15 ratio). We evaluated

classification performance in terms of widely used metrics:

TP+ TN
Accuracy = s
TP+ TN + FP+EN
.. P
Precision = m,
4.41)
TP
Recall = ,
TP +EN
2 x Precision * Recall 2x TP

F1 score = — = .
Precision + Recall 2% TP+ FP+FN

Code for modified VAE-PU (called baseline in the following) as well as its orig version, VAE-
PU+OCC and performed experiments is publicly available at GitHubﬂ The repository also
contains detailed instruction for computational experiment reproduction, including all software

packages and their versions.

"https://github. com/ML-KULeuven/SAR-PU
®Implemented in PyOD: https://github.com/yzhao062/pyod/blob/master/pyod/models/ecod!

py
‘https://github.com/wawrzenczyka/VAE-PU-0CC


https://github.com/ML-KULeuven/SAR-PU
https://github.com/yzhao062/pyod/blob/master/pyod/models/ecod.py
https://github.com/yzhao062/pyod/blob/master/pyod/models/ecod.py
https://github.com/wawrzenczyka/VAE-PU-OCC
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4.7.2 Motivational example

Before examining efficiency of the combined VAE-PU+OCC algorithm, we examine its one specific
aspect. Namely, we will illustrate one-class classifier potential in discerning positive examples in
unlabeled data. Consider initial steps of Algorithm [2 as follows: using generated PU set y,
obtained via trained VAE-PU model, we train OCC classifier; then, such a classifier is evaluated
on each observation in unlabeled dataset. Figure depicts distribution of p-values obtained
by A? classifier in this scenario on two datasets. MNIST 3v5 (Fig. is a straightforward
example, where both distributions behave as expected; negative examples tend to have very
low p-values, whereas PU p-value distribution is approximately uniform. CIFAR MachineAnimal
(Fig. is an example of dataset which proved hard for most of the tested OCC methods;
we can see that even though most of the true negative items are concentrated around 0, there
are multiple cases when their p-value is really high, whereas positive examples are even more
skewed, with almost all of their p-values being close to 1. Even though the latter dataset shows
that the separation of PU and N parts of unlabeled dataset can be often imperfect, overall ability
of OCC methods to find positive examples in U set is still remarkable. This serves as a basis of

the following experiments, which focus on overall classification performance of VAE-PU+OCC.

4.8 Results

4.8.1 No-SCAR results

Tables [4.2] and [4.3]| summarize experiments described in Section For each experimental
setting, given as a combination of dataset, label frequency and a particular method, we report
the mean accuracy and F1 score, as well as the standard error of the respective metric. In each
table results of the benchmark methods (two VAE-PU versions, denoted as "Baseline (original)"
and "Baseline (modified)", SAR-EM, and LBE) are separated from the proposed OCC variants
based either on A®> method, ECOD, Isolation Forest or One-Class SVM.

It is apparent that SAR-EM and LBE methods are significantly outperformed, both by base
VAE-PU and its modifications. This is especially pronounced in low label frequency setting, but
remains true even when label frequency increases. This strongly suggests that it is beneficial
to construct observation which mimic those from PU class, especially when size of positive
set is small. Notable exceptions are high label frequency experiments (for ¢ = 0.7) on CIFAR
MachineAnimal, where SAR-EM outperformed (but barely) VAE-PU+OCC variants in terms
of accuracy, and STL, where even though it achieved the highest accuracy for ¢ = 0.7, its F1
score is significantly smaller than several OCC-based models. LBE method, on the other hand,

managed to reach significantly better accuracy and F1 score on Gas Concentrations dataset (for
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Figure 4.8: Distribution of p-values obtained by evaluation of trained A® classifier on unlabeled
(U) dataset, separated by true example class.
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Table 4.2: Accuracy values per dataset. Green ticks (,,v”) correspond to the cases when t-test
rejected equality of accuracies of the VAE-PU-OCC method considered and that of the baseline
original method in favor of the former one at a = 0.05. Dashes (,,—”) indicate the failure to
reject (see Section [4.8.3)). Bold entries correspond to maximum mean accuracy for a given

dataset and label frequency combination.

MNIST MNIST CIFAR CIFAR STL Gas
¢ Method 3v5 OvVE CarTruck MachineAnimal MachineAnimal Concentrations
Baseline 79.99 £ 1.04 71.55 £ 1.03 78.63 £ 2.91 87.71 £1.03 75.82 £ 0.52 78.89 +£ 2.78
Baseline (orig) 78.18 £ 0.97 60.62 = 0.60 79.36 £ 2.51 87.45 £ 1.59 73.62 £ 0.37 71.38 £ 3.16
LBE 47.78 £0.29 49.65 + 0.15 50.06 + 0.39 60.20 = 0.22 60.08 £ 0.27 39.13 £ 0.58
0.02 SAR-EM 47.79 £0.31 49.54 + 0.14 50.27 £ 0.43 60.80 = 0.21 60.30 £+ 0.32 44.90 £ 0.73
A3 80.21 +£1.07— 7489+1.62v  8233+149— 90.73+0.27v  79.34+0.69  89.84+ 157
IsolationForest 80.63 £1.16 —  75.63+1.54v  87.39+2.17v  90.08 £0.47 — 75.64 + 0.45 v 80.17 £3.24 vV
ECODv2 80.44+1.08— 73.83+1.44v  80.05+1.68—  90.39+0.27 V 75.17 £ 0.60 v 80.16 +£2.98 V
0OC-SVM 80.73 £1.23— 75.70+1.58v 80.33+1.71—  90.39+0.27 V 75.19 £ 0.60 v 81.14+£3.14 v
Baseline 85.11 + 0.87 74.24 £ 1.59 87.70 £ 1.07 82.38 +2.32 81.86 + 0.82 61.63 £0.75
Baseline (orig)  81.44 £+ 0.57 65.01 £ 0.84 85.67 + 0.96 81.70 + 2.68 81.82 £ 0.86 61.70 £ 0.76
LBE 51.54 + 0.35 51.48 £ 0.17 50.93 + 0.38 62.47 £ 2.10 60.73 + 0.29 39.30 + 0.58
0.10 SAR-EM 51.25 + 0.31 49.36 + 0.13 52.58 + 0.40 65.27 + 0.40 61.82 + 0.27 47.64 £ 1.12
A3 90.01 £ 0.47 v 83.14+1.41V 89.37 £ 0.53 v 92.35 + 0.28 v/ 83.31 £0.33 — 88.42 £ 1.78 v
IsolationForest 90.52 £ 0.41 v 83.60 +£ 1.28 v 90.80 + 0.38 vV 90.21 £ 0.57 v 83.22 £ 0.28 — 62.84 + 0.95 —
ECODv2 90.82 + 0.37 v 81.97 £1.30 vV 89.90 + 0.31 v 92.09 +£ 0.30 v 83.10 £ 0.32 — 66.45 + 1.89 v
OC-SVM 90.75 £ 0.43 v 83.57 £ 1.28 v 89.89 + 0.29 v 92.10 £ 0.30 v 83.17 £ 0.31 — 63.66 = 1.04 —
Baseline 84.50 = 0.50 76.38 = 1.56 86.09 + 1.47 75.17 £ 1.97 81.73 £0.53 60.98 £ 0.57
Baseline (orig)  85.57 £+ 0.59 72.03 £+ 0.65 82.71 £ 1.29 80.76 + 2.04 81.22 £ 0.95 61.00 + 0.57
LBE 62.72 + 0.44 58.58 + 0.84 80.62 + 4.85 73.07 + 2.05 69.93 + 3.10 81.32 £7.27
0.30 SAR-EM 60.85 + 0.27 52.09 £ 0.19 64.83 £ 0.39 76.37 £ 0.49 70.43 £ 0.38 66.94 £ 1.86
A3 92.47+0.32v  90.49+0.23v  89.87+0.65v  93.45+0.12v  85.16 £0.41 v 90.30 £+ 2.59 v
IsolationForest  92.68 £0.31v  90.59+0.23v  92.67 £0.25v  92.02 + 0.44 v 85.13 £ 0.36 v 72.12+3.10 vV
ECODv2 92,50+ 0.32v  89.55+0.21v  90.66 £0.35v  93.08 +0.12 85.08 £0.35 v 77.92 £ 2.90 v
OC-SVM 92.71+£0.31v 90.67 £0.22v  90.67 £0.37v  93.08 £0.12 85.22 +£0.34v 7490+ 1.97 v
Baseline 86.37 £ 0.59 80.51 + 0.99 87.44 + 0.90 80.42 + 2.71 81.39 £ 0.36 66.74 + 3.03
Baseline (orig)  88.74 £ 0.58 80.40 + 0.82 83.56 + 1.14 77.91 + 1.81 81.97 £0.71 61.32 £ 0.61
LBE 72.72 £ 0.43 66.42 + 1.45 90.34 + 1.11 79.91 + 4.99 82.60 + 2.32 93.84 + 2.73
0.50 SAR-EM 70.51 +£ 0.24 59.13 £ 0.20 81.96 + 0.47 87.94 + 0.40 83.37 £0.37 83.52 + 1.49
A3 92.75+1.11 v 92.24 £ 0.25 v 92.23 £ 0.32 v/ 93.44 + 0.12 v/ 87.00 £ 0.35 v/ 83.15+3.82 v/
IsolationForest 92.92 +1.02 v 92.72 +0.22 v 93.50 £ 0.21 v/ 92.49 £ 0.30 v 86.92 + 0.37 v 71.49 £ 3.58 v/
ECODv2 9293 + 1.04 v/ 91.97 £0.23 vV 92.31 £ 0.19 v/ 93.41 £0.15 v 86.85 £ 0.36 v 81.05 +2.42 v/
0OC-SVM 92.80 +£1.05v  92.79+0.21v 9290+ 0.24v  93.40 £0.14 v 86.98 £ 0.36 vV 70.27 £3.19 vV
Baseline 90.20 + 0.68 85.61 £ 1.08 87.01 + 0.65 85.01 + 1.44 83.73 £ 0.29 61.17 £ 0.53
Baseline (orig)  90.55 £ 0.52 87.87 + 0.66 87.74 £ 1.19 87.14 £ 1.42 84.87 £ 0.52 61.22 £ 0.53
LBE 82.33 £ 0.50 66.56 + 3.24 91.49 £ 1.27 87.97 £ 3.83 83.13 £ 2.55 98.10 + 0.46
0.70 SAR-EM 80.45 + 0.21 79.92 +0.13 92.66 + 0.19 94.14 £ 0.13 88.77 £ 0.30 92.92 + 0.63
A3 93.54+0.79v  94.09+0.31v  93.21+0.23v  93.99 £0.07 v 88.31 £0.33 v 95.13 £ 0.70 v/
IsolationForest  94.02 +£0.62v  94.36 +£0.27 v  93.62+0.20v  93.74+£0.10 v 88.36 £ 0.36 v 72.28 £2.39 v
ECODv2 93.55+0.73v  93.70+0.29v  93.44+£0.23v  93.81 £0.09 vV 88.51 £ 0.28 v/ 94.22 +£1.03 v/
OC-SVM 94.05 + 0.66 v 94.39+0.28 v  93.47+0.23v  93.77£0.09 v 88.44 £ 0.33 vV 91.95 £ 0.98 v
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Table 4.3: F1 score values per dataset. Green ticks (,,v”) correspond to the cases when t-test
rejected equality of F1 scores of the VAE-PU-OCC method considered and that of the baseline
original method in favor of the former one at a = 0.05. Dashes (,,—”) indicate the failure to
reject (see Section [4.8.3)). Bold entries correspond to maximum mean F1 score for a given

dataset and label frequency combination.

MNIST MNIST CIFAR CIFAR STL Gas
¢ Method 3v5 OvE CarTruck MachineAnimal MachineAnimal Concentrations
Baseline 82.59 £ 0.85 75.85 £ 0.77 75.01 £ 4.94 86.11 +£ 0.87 67.54 +1.73 83.62 + 1.60
Baseline (orig) 80.91 £ 0.85 68.48 £+ 0.50 77.23 £ 3.82 86.08 + 1.38 68.14 + 1.45 81.06 + 1.79
LBE 3.64 +£0.37 2.14 £ 0.20 0.81 £0.19 0.32 £ 0.07 1.31 £0.34 0.21 +0.08
0.02 SAR-EM 2.96 + 0.28 1.73 £ 0.09 2.19 £ 0.50 3.51+£0.33 2.91 £0.37 14.56 £ 1.23
A3 82.56+0.86— 76.97+1.17v  8275+131— 8896+0.30v  75.24+0.62v 91.73+1.37V
IsolationForest  82.53 £0.92—  77.26+1.12v  87.72+2.01v  88.22+0.47 — 70.92 + 0.65 v 84.81 + 2.06 —
ECODv2 82.59 £0.92—- 76.50+0.98 v/ 79.62+1.81 —  88.57+£0.29 v 70.49 + 0.68 — 84.96 £ 1.69 —
0OC-SVM 82.54+096— 7727+ 111v 79.73+£189—  88.57+0.29 70.49 +£ 0.67 — 85.96 £ 1.79 v
Baseline 87.50 + 0.63 79.17 £ 1.04 88.94 + 0.79 82.11 +£1.92 79.89 + 0.55 76.04 + 0.52
Baseline (orig)  84.26 £ 0.47 72.43 + 0.30 87.34+0.70 81.62 +2.22 79.61 + 0.49 76.08 + 0.53
LBE 17.18 £ 0.74 12.11 £0.71 4.78 £ 0.70 8.97 £6.99 4.70 £ 0.93 0.77 £ 0.20
0.10 SAR-EM 16.13 £ 0.43 9.60 + 0.20 11.70 £0.76 24.02 + 1.22 9.98 + 0.56 22.71 £2.98
A3 90.65 + 0.39 v 83.95+1.13 vV 90.18 £ 0.43 v 90.81 + 0.32 v 80.66 + 0.28 v 91.31 £ 1.14 v
IsolationForest 91.12+0.36 v 84.32 +1.08 v 91.31 £ 0.36 v 88.65 + 0.55 v 80.60 + 0.25 v 76.52 + 0.60 —
ECODv2 91.34 +£0.32v  83.20+ 1.06 vV 90.59 + 0.28 v 90.51 £ 0.33 v/ 80.53 £0.27 — 78.33 £1.02 v
0OC-SVM 91.30 £ 0.37 v 84.33 £ 1.07 v 90.58 + 0.25 v 90.51 £ 0.33 v/ 80.56 + 0.26 — 76.93 £ 0.65 —
Baseline 87.16 = 0.36 80.99 £ 1.05 87.66 + 1.14 76.34 + 1.52 80.57 + 0.43 75.73 £ 0.45
Baseline (orig) 87.64 £+ 0.44 77.02 £ 0.30 85.15 + 0.96 80.68 = 1.60 80.17 + 0.66 75.74 + 0.45
LBE 47.99 £0.75 40.57 + 1.00 71.66 + 9.77 56.89 + 7.47 53.68 + 8.28 74.83 £ 11.37
0.30 SAR-EM 43.02 £ 0.43 30.21 £ 0.29 47.12 £ 0.85 59.32 £1.19 43.02 £ 0.79 61.74 £ 3.13
A3 92.84+0.29v  90.65+0.23v  90.51£0.55v  91.97+0.12v  82.74+0.36 v 92.86 £ 1.57 v
IsolationForest  93.07 £0.28 v 90.78 £0.22v  92.70 £ 0.25v  90.46 + 0.43 V 82.67 £ 0.35 v/ 81.63 +1.80 v
ECODv2 92.91+0.28v  89.92+0.20v  91.15+£0.33v  91.50+0.13 / 82.69 + 0.33 v 84.88 £1.65 v
OC-SVM 93.10 £ 0.27 v 90.89 £0.20v 91.17+0.35v  91.50+0.13 / 82.78 £0.31v 8295+ 1.12V
Baseline 88.47 £ 0.49 83.90 + 0.68 88.70 + 0.72 80.81 +2.18 80.61 + 0.27 78.12 + 1.53
Baseline (orig)  90.08 £+ 0.47 83.11 £ 0.53 85.78 £ 0.88 78.39 £ 1.39 81.05 + 0.58 75.89 + 0.46
LBE 67.41 + 0.58 64.63 + 1.53 90.81 + 0.93 79.75 + 3.31 80.05 + 1.77 94.27 £ 2.71
0.50 SAR-EM 62.77 £ 0.19 51.08 £ 0.26 78.75 £ 0.71 82.96 + 0.64 75.04 £ 0.61 84.07 £ 1.74
A3 93.29 £ 0.95 v 92.49 £ 0.24 v 92.47 £ 0.27 v 92.06 + 0.13 v 84.42 £ 0.39 v/ 87.88 +£2.30 v
IsolationForest 93.42 + 0.89 v 92.90 +0.21 v 93.46 £ 0.20 v 91.11 £ 0.29 v 84.37 £ 0.32 v 80.91 +£1.97 v
ECODv2 93.39 £ 0.94 v 92.20 £ 0.22 v 92.54 + 0.21 v 91.96 £ 0.16 v 84.31 +£0.32 v 86.18 £ 1.57 v
OC-SVM 93.31+0.91 v 92.96 £ 0.20 v 93.09 £ 0.22 v/ 91.95+0.15 v 84.42 £0.32 / 80.21 £ 1.64 v
Baseline 91.40 + 0.57 87.54 £ 0.83 88.35 + 0.52 84.14 + 1.27 82.47 £ 0.25 75.82 + 0.42
Baseline (orig) 91.41 £0.44 89.04 £ 0.51 89.00 + 0.95 86.08 + 1.27 83.41 £ 0.43 75.85 + 0.42
LBE 82.33 £ 0.45 73.48 £ 1.62 91.92 + 1.07 87.50 + 3.08 81.71 £ 2.03 98.42 + 0.38
0.70 SAR-EM 78.42 £ 0.21 77.94 £ 0.16 92.42 + 0.23 92.53 £ 0.16 84.98 + 0.38 93.79 £ 0.59
A3 93.96 +£0.71v 9420+ 0.29v  93.31+£0.24v 9258+ 0.09v  85.84+0.28 v 96.13 £0.54 v
IsolationForest  94.33 £0.58 v 94.46+0.26 v  93.62+0.22v  92.28+0.10 V 85.93 £0.35v  81.53+1.51V
ECODv2 9395+ 0.68v  93.86+0.27v  93.51+0.25v  9235+0.11 8593 +£0.26 v 9550+ 0.77 vV
OC-SVM 94.38 £ 0.62v 94.49+0.27v 93.56+0.24v 9230+ 0.11 v 85.93 £0.27v  93.83+0.69 vV
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high enough c values) than its competitors. In other test cases, however, its performance is
relatively subpar — similarly to SAR-EM, its F1 score plummets when decreasing the proportion
of labeled positive examples. This establishes low label frequency performance as a substantial
advantage of generative models over the algorithms which model the propensity score explicitly
such as SAR-EM and LBE. We investigate the possible causes of this behavior further on in this
section.

VAE-PU+OCC achieves excellent classification results on all of the benchmark datasets, as
measured by the accuracy and F1 score. All of the proposed OCC variants outperform baseline
VAE-PU models in all of the test cases. In some cases performance increase is very slight (e.g.
MNIST 3v5, ¢ = 0.02), where only a fraction of a percent increase in accuracy is observed; but
there are also cases where classification performance rises dramatically (see Gas Concentration
results), up to tens of percentage points (pp.). Overall, applying the OCC variants results in a
substantial increase in both the accuracy and F1 score, in most cases by a several pp. Difference
between different VAE-PU+OCC methods presented in the tables are usually slight (generally
below 1 pp. for both accuracy and F1 score). Nevertheless, there are also scenarios where one
of the methods performs significantly better that the other — A*> dominates competitors on Gas
Concentrations dataset, while Isolation Forest performs significantly better for CIFAR CarTruck
data. Overall, these two (Isolation Forest and A®) variants are the most noteworthy — they
outperform competitors on multiple datasets, while remaining competitive in scenarios which
proved more difficult for the methods. Closer look at the results reveals that competing methods
(VAE-PU, SAR-EM and LBE) tend to introduce precision-recall imbalance (for VAE-PU, the recall
is often much higher of the two, while SAR-EM and LBE are skewed towards the precision; for
detailed metric values and discussion, refer to Section [4.8.2]), while OCC variants of VAE-PU
achieve balanced results in nearly all test cases.

Another significant feature of the VAE-PU+OCC variants is stabilization of the results. Note
that the standard error of the mean (SEM) for all proposed methods decreases significantly
(as compared to the baseline VAE-PU) in a majority of test cases. Notable exception is the Gas
Concentration dataset, where even though SEM usually increases, it occurs with a simultaneous
significant classification performance improvement. VAE-PU+OCC also offers drastically lowered
training time (up to 10 times shorter, compared to alternatives such as SAR-EM and LBE; detailed
time values will be presented in Section 4.8.5), which makes it attractive even in rare cases
where its accuracy is lower. Naturally, it is also slower than baseline VAE-PU, but this loss doesn’t

usually exceed 20% extra training time.

Even though due to already long time required to obtain experimental results we limited the
number of tested OCC methods to four, we feel that it is a representative sample of approaches,
incorporating both classic and modern models and ranging from simple, statistical methods

to neural-network based classifiers. As a result of the experiments we suggest that A*>-based
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variant of VAE-PU+OCC to be recommended in most practical scenarios, due to exceptional

performance in several scenarios while maintaining strong baseline accuracy in general case.

4.8.2 Precision-recall balance

Table [4.4] presents detailed experimental results on MNIST 3v5 dataset, which reveals interesting
details concerning the precision and the recall for each of the tested methods. Note that in
case of SAR-EM and LBE, the precision is really high and stays almost constant, regardless of
label frequency; on the other hand, for low ¢ values the recall of the methods is extremely
poor, indicating far too small number of positive predictions. Conversely, VAE-PU (in both
versions) tends to skew the precision-recall balance the other way — even though the recall of the
method is really remarkable, high number of False Positives means that both the precision and
the overall predictive power of the model suffer. OCC-based example selection helps VAE-PU
achieve equilibrium of the precision and the recall. This effect is more noticeable for higher
label frequencies — in all cases we can see a significant precision increase at the expense of slight
recall decrease, but starting at ¢ = 0.10 it causes precision and recall values to be nearly equal.
Such behavior is consistent for all of the benchmark datasets, therefore the precision and the
recall values were reported only in this case to avoid visual clutter in the tables. Relatively small
precision values for low label frequencies might be explained by the imperfections of generated
examples — when portion of labeled positives is small, it is harder to learn a robust positive
data representation, as the labeled set is poorly representative of the positive distribution due
to biased PU problem nature. The generative process itself also emphasizes this issue — small
labeled set causes the generated examples to be limited in diversity, as discussed at the end of
Chapter 4.6.2

4.8.3 T-test p-values

The tables and contain p-values of t-test of the null hypothesis that the accuracy or,
respectively, F1 measure of the specific VAE-PU-OCC variant is equal to that of the baseline
original method, against the alternative that it is larger than the baseline. Green ticks correspond
to the cases when the null is rejected at @ = 0.05 significance level and dashes signify the failure
to reject. As the averages of the metrics are based on 10 repetitions of the experiment, the
benchmark distribution under the null hypothesis is t distribution with 10 +10—2 = 18 degrees

of freedom.
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Table 4.4: MNIST 3v5 results — no-SCAR.

c Method Accuracy Precision Recall F1 score
Baseline 7999 £1.04 77.27+0.99 88.75+0.85 82.59 + 0.85
Baseline (orig) 78.18 £0.97 75.65+0.98 87.06+1.17 80.91+0.85
LBE 4778 £0.29 9495+ 1.75 1.86+0.19 3.64 £ 0.37

0.02 SAR-EM 47.79 £0.31 94.33+1.63 1.51+0.14 2.96 £ 0.28
A3 80.21 £1.07 78.20+1.10 87.50+0.82 82.56+ 0.86
ECODv2 80.44 +£1.08 78.53+1.23 87.18+0.86 82.59 +0.92
IsolationForest 80.63 +1.16 80.04 +1.45 85.37+£1.01 82.53+£0.92
OC-SVM 80.73 +£1.23 80.57 +1.68 84.86+ 1.01 82.54+0.96
Baseline 85.11 £0.87 79.35+1.06 97.61+0.27 87.50+0.63
Baseline (orig) 81.44 +£0.57 76.80+ 0.72 93.42+0.84 84.26 +0.47
LBE 51.54+0.35 93.77 £0.63 9.47 +0.45 17.18 £ 0.74

0.10 SAR-EM 51.25+0.31 94.45 £+ 0.66 8.82 + 0.26 16.13 £ 0.43
A3 90.01 £0.47 90.45+0.69 90.88+0.41 90.65=+ 0.39
ECODv2 90.82 + 0.37 91.69+0.61 91.06+0.72 91.34 +0.32
IsolationForest 90.52 = 0.41 90.83 £0.54 91.44+0.56 91.12+0.36
OC-SVM 90.75+0.43 91.42+0.62 91.23+0.54 91.30+0.37
Baseline 84.50 £ 0.50 77.99+0.64 98.83+0.15 87.16+ 0.36
Baseline (orig) 85.57 +£0.59 80.66 = 0.88 96.01 +=0.30 87.64 £ 0.44
LBE 62.72 £0.44 92.85+0.49 32.39+0.69 47.99+£0.75

0.30 SAR-EM 60.85 +£ 0.27 95.09 £0.47 27.81 £0.37 43.02+£0.43
A3 92.47 £0.32 93.85+0.42 91.89+0.55 92.84+0.29
ECODv2 92.50 £0.32 93.61 £0.57 92.25+0.50 92.91 +0.28
IsolationForest 92.68 +0.31 93.87 £0.51 92.31 £0.47 93.07 £0.28
OC-SVM 92.71 £ 0.31 93.76 £0.47 92.48+0.46 93.10 £ 0.27
Baseline 86.37 £0.59 80.47 £0.42 98.25 + 0.65 88.47 £+ 0.49
Baseline (orig) 88.74 +0.58 84.87 £0.74 96.01 £0.26 90.08 £ 0.47
LBE 72.72 £0.43 92.31+0.55 53.13+0.74 67.41+0.58

0.50 SAR-EM 70.51 £0.24 95.48 £0.31 46.76 +£0.25 62.77 +=0.19
A3 92.75+1.11 92.72+1.32 93.91+0.65 93.29 £0.95
ECODv2 92.93 + 1.04 93.21 £1.19 93.61 £0.91 93.39+0.94
IsolationForest 92.92 +1.02 93.07 £1.17 93.81 £0.74 93.42 + 0.89
OC-SVM 92.80 £ 1.05 93.03+1.23 93.62+0.66 93.31+0.91
Baseline 90.20 £ 0.68 85.78 £0.74 97.85+0.55 91.40 £ 0.57
Baseline (orig) 90.55+0.52 88.58 £0.71 94.46+0.46 91.41 £0.44
LBE 82.33+£0.50 88.17+1.21 77.47+1.21 82.33+0.45

0.70 SAR-EM 80.45+0.21 94.92+0.35 66.81 +£0.23 78.42+0.21
A3 93.54 +£0.79 93.73+£0.83 94.22+0.72 93.96 £0.71
ECODv2 93.55+0.73 93.86+0.75 94.08+0.88 93.95+0.68
IsolationForest 94.02 + 0.62 95.06 £ 0.46 93.65 + 0.89 94.33 £ 0.58
OC-SVM 94.05 + 0.66 94.81 £0.47 93.97 +£0.87 94.38 + 0.62
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Table 4.5: T-test p-values for Accuracy per dataset.
Method MNIST MNIST CIFAR CIFAR STL Gas
¢ €tho 3v5 OvE CarTruck MachineAnimal MachineAnimal Concentrations
A3 0.09 — <0.01Vv 0.16 — 0.03 v <0.01Vv <0.01Vv
0.02 IsolationForest  0.06 — <0.01v 0.01v 0.07 — <0.01v 0.03 v
’ ECODv2 0.07 — <0.01 Vv 0.41 — 0.04 v/ 0.02 v 0.03 v
0OC-SVM 0.06 — <0.01 Vv 0.38 — 0.04 v 0.02 v 0.02 v
A3 <0.01Vv <0.01Vv <0.01 Vv <0.01Vv 0.06 — <0.01Vv
0.10 IsolationForest <0.01v <0.01v <0.01V <0.01 Vv 0.07 — 0.18 —
’ ECODv2 <0.01Vv <0.01Vv <0.01Vv <0.01Vv 0.09 — 0.02 v
OC-SVM <0.01Vv <0.01Vv <0.01 Vv <0.01Vv 0.08 — 0.07 —
A3 <0.01v <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv <0.01 v
0.30 IsolationForest <0.01v <0.01v <0.01V <0.01Vv <0.01Vv <0.01 Vv
’ ECODv2 <0.01Vv <0.01Vv <0.01 v <0.01Vv <0.01Vv <0.01Vv
OC-SVM <0.01v <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv
A3 <0.01Vv <0.01Vv <0.01 Vv <0.01Vv <0.01Vv <0.01Vv
0.50 IsolationForest <0.01v <0.01v <0.01V <0.01v <0.01Vv 0.01 v
’ ECODv2 <0.01v <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv
0OC-SVM <0.01Vv <0.01Vv <0.01V <0.01Vv <0.01Vv 0.01 v
A3 <0.01Vv <0.01 Vv <0.01 Vv <0.01Vv <0.01Vv <0.01Vv
0.70 IsolationForest <0.01v <0.01v <0.01V <0.01 Vv <0.01Vv <0.01 Vv
’ ECODv2 <0.01Vv <0.01Vv <0.01 Vv <0.01 Vv <0.01Vv <0.01Vv
OC-SVM <0.01Vv <0.01Vv <0.01 Vv <0.01Vv <0.01Vv <0.01Vv
Table 4.6: T-test p-values for F1 score per dataset.
Method MNIST MNIST CIFAR CIFAR STL Gas
¢ €etho 3v5 OvVE CarTruck MachineAnimal MachineAnimal Concentrations
A3 0.09 — <0.01 Vv 0.09 — 0.03 v <0.01Vv <0.01Vv
0.02 IsolationForest  0.11 — <0.01v 0.01v 0.08 — 0.05 v 0.09 —
’ ECODv2 0.10 — <0.01 Vv 0.29 — 0.05 v 0.08 — 0.07 —
0OC-SVM 0.11 — <0.01Vv 0.28 — 0.05 v 0.08 — 0.03 v
A3 <0.01Vv <0.01Vv <0.01 Vv <0.01Vv 0.04 v <0.01Vv
0.10 IsolationForest <0.01v <0.01v <0.01V <0.01 Vv 0.04 v 0.29 —
’ ECODv2 <0.01Vv <0.01Vv <0.01Vv <0.01Vv 0.06 — 0.03 v
OC-SVM <0.01Vv <0.01Vv <0.01 Vv <0.01Vv 0.05 — 0.16 —
A3 <0.01v <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv
0.30 IsolationForest <0.01v <0.01v <0.01V <0.01Vv <0.01 Vv <0.01 Vv
’ ECODv2 <0.01Vv <0.01Vv <0.01 v <0.01Vv <0.01Vv <0.01Vv
OC-SVM <0.01v <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv <0.01 v
A3 <0.01Vv <0.01Vv <0.01 Vv <0.01 Vv <0.01Vv <0.01 Vv
0.50 IsolationForest <0.01v <0.01v <0.01V <0.01v <0.01Vv 0.01 v
’ ECODv2 <0.01v <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv <0.01 Vv
0OC-SVM <0.01Vv <0.01Vv <0.01 Vv <0.01Vv <0.01Vv 0.01 v
A3 <0.01Vv <0.01Vv <0.01 Vv <0.01Vv <0.01Vv <0.01Vv
0.70 IsolationForest <0.01v <0.01v <0.01V <0.01 Vv <0.01Vv <0.01 Vv
’ ECODv2 <0.01Vv <0.01Vv <0.01 Vv <0.01 Vv <0.01Vv <0.01Vv
OC-SVM <0.01Vv <0.01Vv <0.01 Vv <0.01Vv <0.01Vv <0.01Vv
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Figure 4.9: Test accuracy in SCAR setting, STL MachineAnimal dataset.

4.8.4 Performance in SCAR setting

As the presented approach does not make any assumptions on the nature of biased sampling
it is conjectured that it will also perform well under SCAR. In order to verify the hypothesis
that OCC variants perform well even in SCAR setting, despite more general assumptions, we
performed additional tests on STL dataset for this scenario. Here, items in the training set are
labeled according to the SCAR assumption, i.e. probability of being labeled for each positive
example (propensity score) is constant and equal to label frequency c. As SCAR scenario is a
special case of no-SCAR PU learning, it is expected that the results will stay similar to no-SCAR

experiments.

Figure illustrates results for the experiments in SCAR setting. The initial assumptions
are confirmed - for all label frequencies, OCC variants outperform the baseline VAE-PU models,
whereas SAR-EM performs poorly for low ¢ values, while being competitive or even slightly
outperforming the competition in high label frequency setting; LBE was outperformed in all test
cases. Note that in many use cases the minor increase in classification performance of SAR-EM
might be outweighed by a severe training time increase; nevertheless, some critical applications
might find the high computational cost feasible. Also, performance of various OCC variants is

almost indistinguishable in this case. Overall, the results follow similar patterns to no-SCAR
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Table 4.7: Training time per dataset (¢ = 0.5).

thod MNIST MNIST CIFAR CIFAR STL Gas

Metho 3v5 OvE CarTruck MachineAnimal MachineAnimal Concentrations
Baseline (modified) 258.77s 1617.03s  239.76s 1527.38s 255.23s 74.90s
Baseline (original) 244.85s 1272.71s 215.28s 1037.12s 238.16s 77.25s
SAR-EM 873.65s 44142.47s 9232.45s 47772.81s 5278.49s 87.37s
LBE 668.86s 12958.04s 927.65s 8984.34s 1090.33s 697.30s
VAE-PU+A® 282.06s 1797.25s 256.86s 1635.81s 272.72s 87.80s
VAE-PU+ECOD 285.92s 1799.67s 256.44s 1645.48s 273.10s 82.40s
VAE-PU+IsolationForest 289.93s  1935.04s  264.96s 1673.16s 273.69s 86.90s
VAE-PU+0OC-SVM 369.05s 3334.41s 249.64s 1798.46s 275.99s 79.30s

scenario, which proves the effectiveness of our method even in a SCAR setting, demonstrating
the robustness of the VAE-PU+OCC approach.

4.8.5 Training time comparison

Table 4.7|contains information about typical training times for a given algorithm on each dataset.
Modified VAE-PU model tends to train slower than the original version, and to no surprise
training time increases when using VAE-PU+OCC as opposed to the baseline; it should be
emphasized, though, that the extra training step does not come at a heavy computational cost, as
the typical training time increase ranges from 10% to 20%. A significant exception is One-Class
SVM variant, which can be slow for large datasets — this can be seen especially for MNIST OvE
dataset, where the training time doubled after OC-SVM training. This example also highlights
a significant advantage of VAE-PU-based models over the SAR-EM and LBE algorithm; when
training dataset is not small, SAR-EM can reach training times up to 40-50 times larger than
the other competitors, while LBE training is still comparably long even for small datasets. This
property makes using VAE-PU and VAE-PU+OCC significantly more attractive even in high label
frequency settings, where they offer way lower computational time combined with classification
accuracy is on par or better than that of SAR-EM and LBE.

4.9 Conclusions

VAE-PU+OCC builds upon an innovative VAE-PU model, which proved the strength of generative
approaches in no-SCAR PU data modeling. Through the application of one-class classification
methods, both modern and traditional, the extended model has shown excellent results in
a diverse array of experiments. The highlight is the outstanding accuracy of the models in
medium label frequency settings — for low label frequencies, the gains of OCC-based models are
minor relative to VAE-PU baselines, whereas for high label frequencies classical, non-generative
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algorithms such as SAR-EM and LBE remain competitive. This chapter proves that application of

one-class classification techniques in no-SCAR PU learning provides a substantial improvement.
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Chapter 5

False Omission Rate control

5.1 Introduction

In the previous chapter we considered detection of negatives among unlabeled observations
based on scores of an outlier detector and expected number of such elements in unlabeled set.
In the following we consider an alternative approach to construct cutoff-point, which is based
on hypothesis testing method which aims at control of ratio of negative observations among
those considered positive unlabeled. The rationale here is to ensure sufficient purity of the set of

observations deemed positive. We study first a general problem of False Omission Rate control.

We consider the situation when a score statistic is learned on a random sample of regular
observations (inliers) and used to detect out of distribution observations (outliers) with an
objective to control the percentage of undetected outliers among the observations classified as
inliers. Such a need arises in many practical situations: imagine a scrutiny of possibly fraudulent
transactions for which one would like to detect all but a very small percent of frauds — such an
approach accounts for the fact that trying to detect all frauds will require very stringent safety
rules which would deter potential customers. Another example is development of a new test for
a contagious disease (e.g. COVID-19), for which is vital to ensure that randomly chosen person
will not pass it if infected with large probability (see Takahashi, Ichinose, and Yasusei (2022)). In
such situations it is much more important to control False Omission Rate (FOR, called also False
Non-discovery Rate (FNR) see Efron (2010)) than commonly used False Discovery Rate (FDR).
FOR is defined as the expected value of False Omission Proportion i.e. proportion of undetected
outliers among observations classified as inliers, whereas FDR is the expected proportion of
inliers among observations deemed outliers (Harvey and Liu |[2017; Genovese and Wasserman
2002). Obviously, in many situations FDR control has evident advantages, but we argue that
in numerous cases FOR control — or its Bayesian analogue defined below - is of main interest,

and procedures which ensure it are worth studying. Note that for scenario of testing a single
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hypothesis, this corresponds to controlling the error of type II (rather than the the type I error,
as in the case of FDR).

Our main objective here is to develop a rule which approximately controls FOR and to
investigate its properties both theoretically and by means of analysis of real data sets, and then
apply it to PU data. The rule developed here is derived analogously to Benjamini-Hochberg
rule (Benjamini and Hochberg 1995) using Frequentist Bayes approach (see e.g. Efron (2010),
Chapter 4). We also consider several methods scores for outlier detection and check how their
choice influences control of FOR. We then investigate ways of diminishing intrinsic variability
of p-values due to the random split of the data set, and evaluate the FOR control procedure in
the outlier detection setting. Finally, we consider the application of the procedure back in the
VAE-PU framework, where the FOR control procedure is used to select the best inliers (positive
examples) in unlabeled set, thus improving the purity of the resultant positive-unlabeled set.
Thus, we still tackle a central problem from the last chapter — discovery of positive unlabeled
observations among unlabeled ones — but this time, looking at it from the perspective of multiple

hypothesis testing in outlier detection problem.

5.2 FOR control procedure

5.2.1 Preliminaries

Consider checking whether observations under study are outliers with the use of a specific score

statistic 5 to test a null hypothesis
H,; : the observation is an inlier

versus an alternative

H; ; : the observation is an outlier.

We adopt throughout the convention that large values of 5 indicate outliers. It is known that
when the cumulative distribution function (CDF) denoted by F of a test statistic is continuous,
the distribution of the corresponding p-value equal to 1 — F(X;), provided the null hypothesis
is true, is uniform on [0, 1] (Lehmann and Romano 2022). This is the fundamental property
used to bound Family Wise Error Rate (FWER) defined as probability of falsely rejecting at
least one null, or False Discovery Rate (FDR) defined below, which is more easily controlled.
For a discussion of numerous solutions to the problem from which Benjamini-Hochberg (BH)
procedure is the most commonly used, see e.g. Dudoit and Laan (2008). In Genovese and
Wasserman (2002) analysis of behavior of FOR for BH procedure is given. However, construction

of rules controlling FOR remains, to the best of our knowledge, largely untreated. Imagine now
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that we have a set of n observations generated by mixture of distribution of inliers (occurring
with probability ) and outliers (occurring with probability 1 — i), and denote by p,,...,p,
corresponding p-values of a test under consideration. Then we can write

pi~nU+(1—mn)F,, i=1,...,n, (5.1)

where U stands for the distribution function of the uniform distribution U[0,1]: U(t) =t, F, is
the cumulative distribution function of the p-values for outliers and "~" denotes "is distributed as".
In the following we assume that mixing proportion 7t is known. This assumption is commonly
met i.e. when prevalence of a certain disease can be precisely estimated based on independent

data base. We also assume that p; are independent random variables.

We suppose that n, observations are inliers (nulls) and n, = n —n, are outliers (non-nulls)
and note that due to our mixture assumption n, and n,; are random and have Bernoulli
distribution: n, ~ Bin(n, ) and n,; ~ Bin(n, 1 — ). Consider a specific decision rule assigning
each of n observations to inliers or outliers and denote by R the number of of rejected null
hypotheses, by V the number of falsely rejected nulls and by Z the number of falsely not rejected
alternatives. Note that Z = n, —(R—V) (as R—V is the number of rejected outliers) and let
NR be the number of not rejected items. We will consider threshold rules such that for any
p; < u the corresponding null hypothesis Hy; is rejected i.e. i-th element is considered an outlier.
Threshold u is assumed here to be a fixed, predetermined point. We will write NR(u) for NR to

underline the dependence on u. Let False Omission Rate (FOR) be defined as

FOR:E(L T{NR(u) > 0}), (5.2)
NR(u)
Our aim is to construct a decision rule which approximately controls FOR i.e. such that for any
given a € (0, 1) the inequality FOR < a is satisfied.
In the traditional setting one aims at controlling False Discovery Rate (FDR) at the level a,
where FDR is defined as
FDRzE(% ]I{R>O}). (5.3)

We note that although it might appear at the first sight that controlling FOR defined in (/5.2)
is analogous to controlling FDR, this is not the case as the roles of inliers and outliers are not
exchangeable. The difference is due to differences in distributions of p-values for false signals
and false non-signals. Namely, we assume that the distribution of inliers’ score s is known, and
it follows that for a threshold u, the distribution of the p-value corresponding to false signal,
i.e. inlier smaller than u is given by the uniform distribution on [0, u], whereas for the false
non-signal it pertains to unknown distribution F; and equals (F,(s) — F,(u))/(1 — F,(u)) for
s € [u,1]. As F; is unknown, in contrast to known (i.e. uniform) distribution of p-values for the
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Figure 5.1: Values of FOR when FDR is controlled against the mean distance 6 between inliers
and outliers (see text) (a) FDR < ma (Benjamini-Hochberg procedure) (b) FDR < a (Benjamini-
Hochberg procedure with Storey’s correction (Storey 2002)), a = 0.05.

inliers, the problem of control of FOR is considerably harder than the control of FDR. We would
like the distribution of F, to be concentrated close to 0, but this may vary depending on the
quality of the score function in general and its performance on the studied dataset in particular
(see Figure in the results section).

We also note that similarly to testing (where decrease of level of significance leads to smaller
values of power), when FDR is controlled at the level a, FOR is uncontrolled and can attain any

level less than proportion of outliers 1 — 7.

Example 5.1. Assume that distribution of the score statistic s for inliers is given by the standard
normal distribution N(0, 1) and outliers by N(6,1), where 6 > 0. We reject the null for large
values of s. Then straightforward calculation show that the distribution function of p-value for an
outlier is given by Fy(s) =1—& (—&7(s)— 0) =& (&'(s) + 0), where & is CDF of N(0, 1). Using
the formula below, the values of FOR at threshold uj,, corresponding to Benjamini-Hochberg
procedure (Benjamini and Hochberg|1995) or its modified version with Storey’s correction (Storey

2002) can be calculated, and are shown in Figure The figure shows that for small 6 (when the

*
FDR

gets larger and approaches proportion 1 — 1 of inliers in the mixture.

inliers and outliers become less separated and threshold u?,,, becomes smaller), the value of FOR

We also introduce Bayesian False Omission Rate (BFOR)

EZ
BFOR = m, (5.4)
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following the analogous treatment of False Discovery Rates (see e.g. Genovese and Wasserman
(2002) and Efron (2010), Section 2.2). Efron (2010) argues that from Bayesian view point,
control of Bayesian False Discovery Rate — the quantity defined analogously to Eq. (5.4)), but for

false discoveries — is of main interest.

5.2.2 Control of FOR: theoretical results

We prove in Theorem below that introduced quantities are approximately equal for large
dataset sizes, namely
FOR =~ BFOR.

Let G(t) = nU(t) + (1 — m)F,(t) be a mixture distribution of p-values. We have

Theorem 5.2. Assume that considered decision rule rejects all null hypotheses with corresponding

p-values smaller or equal u such that 0 < G(u) < 1. Then
FOR = BFOR x (1 — (1 — G(u))") < BFOR.

Proof. We will use shorthand p € O ("p" standing for p-value and "O" standing for "Outliers")
meaning that p-value corresponds to an outlier. The proof follows by noting that P(p € O|p > u)

equals
P(p>ulpeO)P(pe0) (A-Fw)d-m)

P(p>u) 1—G(u)
Denote BFOR = y(u). Thus, given NR(u),

= BFOR. (5.5)

Z|NR(u) ~ Bin(NR(u), y(u)),

For NR # 0, using the formula for the expected value of the binomial, we have that

Z _ E(ZINR(u)) _ NR(u)y(u) _
E(NR(u)‘N (u)) T NR@W  NR(@

y(u) = BFOR

and thus
Z . .
FOR = ;E(M‘NR(M = z) P(NR(u) = i)
= > y(@P(NR(w) = i) = y(u)P(NR(u) # 0),
i>0

which implies Theorem [5.2| as NR(u) ~ Bin(n, 1 — G(u)).
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Figure 5.2: Illustration of Equation ([5.8]). Convex curve 1 — G(u) starts at 0 above the value of
the line /(1 — a) x (1 —u) and intersects it at a point u*.

We note that it follows from the proof that both Z ~ Bin(n, (1 — 7)(1 — F,(u)) and NR(u) ~

Bin(n, 1 — G(u)) are binomially distributed and thus we have

E(Z) (A-m)1-F@) 1-G6u)—mn(l—u)
E(NR(w)) 1—G(u) N 1—G(u)

=P(p €O|p > u). (5.6)

Note that we assume in Theorem|5.2|that threshold u does not depend on data. We conjecture that
in a general case, when threshold will be data-dependent, FOR and BFOR are also approximately
equivalent.

Replacing FOR in the condition FOR = a by its approximation BFOR and using one

obtains the following equality:

1-Gw)—n(l—u)
1—G(u) B

a, (5.7)

or equivalently
1—-G(u) =

x (1—u). (5.8)
1—a

Theorem 5.3. Solution u* € (0,1) of exists and is unique provided that (i) G(-) is strictly
concave and (i) G'(1) = n/(1— a).
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Proof. Indeed, the condition (ii) is equivalent to the condition that the derivative of 1 —G(u) at 1
is not larger than the derivative of the line (7/1 —a) x (1—u) at 1. As 1— G(u) is strictly convex
it is enough to check that 1 —G(0) =1 > /(1 — a). But this follows from (ii) since 1 > G'(1)
as density g(s) = G'(s) is strictly decreasing in view of strict concavity and fol g(s)ds = 1.

Uniqueness of the solution is due to the strict concavity of G. O

Theoretical solution of is shown in Figure Thus we know that the truncation
level u* for such that BFOR = E(Z)/E(NR(u*)) = a exists under above conditions. Note that
the assumption that G(-) is strictly concave (or, equivalently, that g(-) is strictly decreasing)
is natural in the considered context. Namely, it implies in the view of that density f; of
p-value distribution F; for outliers is strictly decreasing, and, consequently, it is more likely to

obtain smaller p-values for outliers than larger ones.

5.2.3 FOR control: empirical rule

Now we consider solution to the empirical counterpart of (5.8). Note that due to BFOR is
easily estimated, and we obtain the following rule: for a given a € (0, 1) find p-value p;., such
that

min, B if B #0;

Pu = .
1 otherwise, (5.9)
i\ 1—
WhereBz{p(l-):p(i)S1—(1—i) a}
n 4

and "accept” (treat as inliers) all p-values strictly larger than p(;.,, where p;) < p) < ... < p(y)-

Il and noting that G, (p(i)) = % Note also that the threshold in Il equals 1 fori =n and is
approximately equal to 1 —(1—a)/m < 0 for i = 1, assuming a < 1 — 7. Thus i* is an index of

This follows by plugging in empirical distribution G,(t) = #{i : p; < t}/n of all p-values for G in

the ordered p-value corresponding to the first moment when ordered p-values down-cross (cross
from above to below) the line 1 —(1—u) x (1—a)/n. As a side node, a < 1— 7 assumption can
be also justified as follows: there is a portion of 1 — 7t of outliers in the dataset, so any threshold
alpha bigger than this translates to an ill-defined threshold, never rejecting any samples. Note
that the rule bears significant resemblance to the Benjamini-Hochberg procedure for controlling
FDR:

max, R ifR#0;

Pun = .
0 otherwise, (5.10)

where R = {p(i) (P < iOL}
n
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Figure 5.3: Illustration of rule (5.9). The index of the smallest p-value which down-crosses the line 1 —(1—a)/m x (1 —u) corresponds
to the threshold in (5.9).
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FOR control empirical rule is analogous (in a symmetric way) to Benjamini-Hochberg
threshold construction: starting from the largest p-values (as those are of interest when control-
ling not-rejected examples; this is an mirror image of Benjamini-Hochberg procedure starting
from the smallest p-values) we look for the last (i.e. the smallest) index where FOR is still

controlled, and use it as a threshold separating inliers from outliers.

5.2.4 Construction of p-values

We now discuss the framework in which p-values appearing in are defined (Multisplit
procedure). Note that as we do not know CDF of score statistic 5 for inliers, we can not compute
p-value directly as 1—F (X) and F needs to be estimated. We thus considera set 2 = {X;,...,X,,}
of size 2n consisting of inliers which will be split into training 2" and calibration 2 sets
consisting of n observations each. Moreover, let s will be a real-valued score statistic constructed
to distinguish inliers from outliers. We adopt the convention that large values of s indicate a
possible outlier. We consider the empirical distribution of 5(X,) for X; € 2 as approximation

of F and define p-value p = p(X) of X as

(5.11)

R #{Xie@“ﬂ:?(xi)z?(x)}+1
p:

n+1

Consider the set S,,...,S,,, consisting of observations 5(X;) for X; € 2°@ augmented by
S =5(X). When S corresponds to an inlier, observations S, ..., S, are equi-distributed and it
follows that for continuous 5(X), p(X) is uniformly distributed on {1/(n+1),...,n/(n+1),1}
given 2, and thus P(p(X) < t|24) < t (see e.g. Bates et al. (2023)) — this means that
distribution of p(X) is super-uniform.

As the definition above depends on the (random) training-calibration split, we initially

considered several versions of p:
® Diingte: ONE-split version defined above,

® Dmeq: Median of p,,...,p, when p,,...,p; are p-values based on k random splits,

® DPomed = 2% Pmed-

Definitions of p,,.; and p,,,.q are based on analogous proposals in variable selection and their
purpose is to decrease variability incurred due to the random split; the phenomenon named
p-value lottery (see Meinshausen, Meier, and Biihlmann (2008)). Its occurrence is confirmed
by Figure which shows substantial variability of p-values depending on a random split for

A3 classifier. The distribution of Psingle(X) is super-uniform and the same is also true for py,.4,

!Note that adding 1 to both numerator and denominator results in support of p being {n}r_p nl-l—l’ s T 1}.
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Figure 5.4: p-value lottery for A® classifier on 100 first examples from Tic-tac-toe dataset;
examples are sorted according to their class and median p-value.

with the proof being analogous to that of Theorem 11.1 in Biihlmann and Geer (2011). Despite
this theoretical result, Figure shows why pg;..;. should not be used directly. p-values for 10
random training-calibration splits are very unstable — median range width is 0.31, and maximal
difference between minimal and maximal p-value for one of the examples exceeded 0.83. This
proves that FOR control based a single split would not be reliable. p-value p,,.4, which might not
be super-uniform, is also considered, as in practice p,,,.q is too conservative and thus inflates

FDR in consequence. As our experiments confirm this, we focus on p,,.; only in the following.

5.3 Experimental setting

We tested the proposed FOR control procedure as described in Section We consider four

different score functions to obtain the outlier scores:
* Isolation Forest (Liu, Ting, and Zhou 2008) (abbreviated to IForest),

* Activation Anomaly Analysis A* (Sperl, Schulze, and Béttinger 2021) (neural network
based model),

* Mahalanobis distance (Liu, Parelius, and Singh [1999) based score (abbreviated as Maha-

lanobis),

* Empirical Cumulative distribution based Outlier Detection ECOD (Li, Zhao, et al. [2022), as
well as its variant applying ECOD to PCA-transformed data (abbreviated as ECOD+PCA).

For each score function, the p-values are obtained from scores using Multisplit procedure (Section

5.2.4), and control procedures (e.g. FOR control procedure) were applied; number of random
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Table 5.1: Dataset summary

Dataset Samples Features Inlier rate 1 Dataset Samples Features Inlier rate
Abalone 4177 8 0.34  Madelon 2600 500 0.50
Arrhythmia 452 279 0.54  Musk 6598 166 0.85
Banknote-auth 1372 4 0.56  Optdigits 5620 64 0.20
Breast-w 699 9 0.66  Pendigits 10992 16 0.20
Dermatology 366 34 0.31  Satimage 6430 36 0.24
Diabetes 768 8 0.65  Segment 2310 19 0.29
Fertility 100 9 0.88  Seismic-bumps 210 7 0.33
Gas-drift 13910 128 0.51 Semeion 1593 256 0.20
Glass 214 9 0.68  Sonar 208 60 0.47
Haberman 306 3 0.74  Spambase 4601 57 0.61
Heart-statlog 270 13 0.56  Tic-tac-toe 958 9 0.65
Ionosphere 351 34 0.64  Vehicle 846 18 0.26
Isolet 7797 617 0.27  Waveform-5000 5000 40 0.34
Jml 10885 21 0.81 Wdbc 569 30 0.63
Kcl 2109 21 0.85 Yeast 1484 8 0.16

splits in Multisplit procedure was set as k = 10. Each experiment used 60% of the inliers for
training+calibration, and the remaining inliers and all of the outliers as the test set. For each
test case, we repeated the entire process (starting from the training+calibration / test split) 20
times. For the control level we used a = 0.1, which is a common value considered in literature.
Code implementing the FOR control procedure, all tested methods and experiments is available
publicly on GitHulfL

Tests were conducted on 30 datasets constructed from real-world classification data. One of
the classes (or several relatively similar ones) was selected as the inlier class, while other classes
were considered as outliers. Basic summary of the datasets is presented in Table For details

on dataset construction, as well as their visualizations, we refer to the GitHub repositoryﬂ

5.4 Results

Table aggregates FOR mean values (and their standard errors) for the proposed FOR control
procedure. FOR is controlled by at least one method on 20 datasets, but there are only 3 datasets
where the same holds true for all methods at once. Mean FOR value was below 2a for at least
one-classifier in 29 out of 30 cases (except Yeast dataset). Even though A% controlled FOR on
the largest number of datasets, we will concentrate on IForest due to the higher consistency of
its results. IForest managed to control FOR < a in 19 cases, FOR < 2a in 7 additional ones, and
failed to keep FOR below 2a on the remaining 9 datasets.

Figure illustrates 2-dimensional t-SNE representation of the data (1st column), distri-
butions of the obtained p-values (2nd column) and FOR control procedure visualization (3rd
column) for selected three datasets. Tic-tac-toe is an example of an easy dataset: we can see that

Zhttps://github.com/wawrzenczyka/FOR-CTL
*https://github.com/wawrzenczyka/FOR-CTL-datasets
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Figure 5.5: FOR control for datasets with varying difficulty, based on Isolation Forest scores.
Red (green) dots in the first column correspond to inliers (outliers). In the second column, the
orange (outlier) distribution is contrasted with the blue (inlier) distribution. The third column
shows the FOR control procedure visualization, where the red line corresponds to the threshold,
and each point is a p-value of an example, as depicted in Figure
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Table 5.2: FOR values and standard errors under FOR control on tested datasets, for level
a =0.1. Magenta "v" denotes FOR < a; black "v" denote weaker FOR < 2a.

Dataset | IForest A3 Mahalanobis ECOD ECOD + PCA
Musk 0.000+0.000v'v" 0.137+0.005v"  0.415+0.040 0.000+0.000v'v" 0.135+0.011v
Seismic-bumps | 0.061 £0.018v'v" 0.093+£0.028v'v" 0.056+0.018vv" 0.048£0.016v'v" 0.099 £0.025vV
Ionosphere 0.067 £0.014v'v" 0.107 +£0.016Vv 0.082+£0.011vv" 0.081+0.016vv 0.140+0.009v
Tic-tac-toe 0.075+0.008v'v" 0.061+0.004v'v" 0.140+0.023V 0.117+£0.012v 0.272+£0.030
Breast-w 0.076 £0.005v'v" 0.083+0.003vv" 0.086+0.004v'v" 0.057£0.005vv 0.095=+0.004vV
Isolet 0.078 £0.006v'v" 0.047+£0.014v'v" 0.282+0.006 0.090£+0.009v'v" 0.363+0.004
Dermatology 0.078 £0.013vv" 0.037+£0.006v'v" 0.049+0.014vv 0.052+0.008v'v" 0.206 £0.022
Semeion 0.078+0.014v'v" 0.074£0.012vv" 0.049+0.012vv 0.118 £0.016v"  0.000 £ 0.000v' vV
Banknote-auth | 0.079 £0.009v'v" 0.086+0.029v'v" 0.078 £0.003v'v" 0.069 £0.012v'v" 0.085=+0.006v' v
Pendigits 0.091+0.005v'v" 0.091£0.004v'v" 0.108+£0.006v"  0.100+0.012v'v" 0.099 +0.010v'V
Satimage 0.094+£0.004v'v" 0.000+0.000v'v" 0.084+0.005vv 0.129+0.010V 0.105 £ 0.007 v
Segment 0.094+0.007v'v" 0.317+0.082 0.109 £0.009v 0.085+0.005vv" 0.151+0.017V
Kcl 0.094+0.008v'v" 0.091+0.008v'v" 0.089+0.009vv" 0.170+0.022V 0.129£0.007 v
Wdbc 0.097 £0.009v'v" 0.088+0.010v'v" 0.100+0.006v'v" 0.097£0.010vv 0.137+0.007Vv
Optdigits 0.101 £0.010v 0.074+0.011vv 0.083+0.008v'v" 0.160+0.036V 0.188 £0.012V
Gas-drift 0.114+£0.010v 0.000£0.000v'v" 0.146+0.011v 0.088+0.014v'v" 0.143+0.013Vv
Spambase 0.122+0.021v 0.139+£0.008Vv 0.140+0.017v 0.217 £0.056 0.173£0.025V
Vehicle 0.127 £0.024 v 0.000£0.000v'v" 0.073+£0.009v'v" 0.160+0.045V 0.162+£0.014V
Glass 0.147 £0.030V 0.163+£0.025V 0.121£0.019v 0.186 £0.039v 0.156£0.018V
Heart-statlog 0.153+£0.020Vv 0.277 £0.035 0.170£0.021 Vv 0.140£0.026 v 0.246 £ 0.050
Diabetes 0.179+0.017v 0.151+£0.021V 0.240 £0.030 0.271£0.079 0.133+£0.023V
Waveform-5000 | 0.204 = 0.020 0.264 £ 0.076 0.161£0.041v 0.142+0.024 v 0.355 £ 0.046
Abalone 0.206 £0.008 0.093+£0.014vv 0.170+£0.015V 0.302 £0.030 0.167 £0.017V
Arrhythmia 0.214+0.037 0.187+0.076v"  0.197£0.030v"  0.300+0.058 0.292+0.017
Fertility 0.219 £0.024 0.121 £0.016V 0.218 £0.024 0.229 £0.036 0.223 £0.022
Yeast 0.228 +£0.069 0.299 £0.088 0.226 £0.078 0.301 £0.084 0.251 £0.092
Jml 0.237 £0.008 0.000+£0.000v'v" 0.189+0.022Vv 0.312 £0.027 0.242 £ 0.020
Haberman 0.293 £0.035 0.472£0.057 0.366 £0.058 0.153+0.033Vv 0.259 £0.039
Sonar 0.431+£0.078 0.125+0.047v 0.252 £0.052 0.175+0.083v 0.506 £0.030
Madelon 0.748 £0.013 0.495+0.010 0.722£0.008 0.100£0.069v'v" 0.150+0.082Vv

the data forms distinct, separate clusters (Fig. and therefore there is a clear difference
in inlier and outlier p-value distributions (Fig. [5.5b]), as well as nearly perfectly uniform inlier
distribution — IForest captured the inlier distribution really well. In that case, FOR control
procedure has no issues capturing the clean portion of inliers (Fig. with the occasional
outlier examples allowed by the o parameter.

Vehicle dataset in the second row is of medium difficulty: inlier and outlier examples
(Fig. are a lot more difficult to separate. Note that the outlier p-value distribution (Fig.
is shifted right, towards higher values, and inlier distribution is not as regular as in previous case.
Though this example is significantly harder, we can see that in this particular case FOR control
(Fig. divided the examples perfectly — though multiple outlier examples are extremely close
to the threshold and might be incorrectly undetected with a small variations in their p-values.
That leads to FOR for this dataset in Table being slightly higher than desired.

Madelon dataset, on the other hand, was selected as an hard problem example. T-SNE
visualization (Fig.|5.5g) does not capture any visible outlier characteristics, which suggests that
the relationships in the data are complex. As a consequence, p-value distributions obtained from

IForest scores (Fig.[5.5h]) are extremely similar between outliers and inliers; note that the inlier
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Figure 5.6: Mean FOR values versus mean skewness difference I between outlier and inlier
p-value distributions; each dot on the plot corresponds to one dataset.

p-value density is slightly bell shaped and thus deviates from the uniform, moreover the outliers
p-value density does not decrease. As the proposed procedure assumes those properties, their
lack has a profound impact on the FOR control (Fig.[5.51). Lower than expected (when uniformity
holds) number of inlier examples with high p-values causes outliers with high p-values to take
their place; this results in the dramatic omission of dominant part of outlier examples, which
yield a very high FOR value, as presented in Tab. We note that deviation from uniformity for
inlier p-values may be due to the fact that for this synthetic dataset inliers are generated from
multimodal distribution, with modes being the vertices of a high-dimensional hypercube (Guyon
2004).

Figure [5.5|suggests that obtaining high quality scores (and, as a result, reliable p-values)
from the classifier is fundamental in order to ensure a good FOR control. That makes p-value
distribution properties worth inspecting. In particular, we explored the effect of difference in
skewnesses I of outlier and inlier p-value distribution, given by formula I = Skew;; — Skewy,
on the empirical FOR value. We expect inlier distribution to be uniform (so Skew, should be
close to 0), whereas probability mass for the outlier distribution should be concentrated on small
p-values (resulting in large positive values of Skew;), which should mean that for a p-value
distributions satisfying the imposed assumptions, I should be both positive and relatively large.
Indeed, as illustrated in the Figure datasets where I is large are also the ones where the
proposed procedure works really well; on the other hand, when I falls below 2, FOR control
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becomes unreliable. This emphasizes the dependency of FOR control on outlier score quality — we
can control FOR only if outlier scores make that possible.

Figure [5.7] visualizes relationship between FOR and FDR when FOR is controlled on all sets.
Observe that good control of FOR doesn’t imply low FDR value (and vice versa, see Figure[5.).
Moreover, this holds irrespectively of the scoring method — even when a given method controls

FOR at a given level, its FDR might remain high.

5.5 VAE-PU+FOR

Using FOR control procedure described in Section we can also control FOR for the VAE-
PU+OCC method. As described in the previous chapter, VAE-PU+OCC presents us with an inner
one-class classification problem, and the equivalent outlier detection task. In this task, the term
"False Omission" refers to negative unlabeled examples present in the synthetic positive unlabeled
dataset, created in step 7| of Algorithm [2| By controlling FOR, we control the purity of the inlier
set, which, translated to the VAE-PU context, means the obtained candidate PU set — by using
FOR control procedure, we want to ensure that the proportion of negative unlabeled examples
in the synthetic positive unlabeled dataset is not larger than a, where a is a hyperparameter.
The resultant VAE-PU+FOR method is described in Algorithm

Algorithm 3: VAE-PU+FOR training
Input: 7 — class prior, n — number of training items
1 Train VAE-PU model (encoder, decoder, target classifier, observation classifier and
discriminator); this process is described in detail in Section
2 while not converged do
3 Generate pseudo-set Xp; using trained VAE;
4 Train OCC classifier of choice and prepare Multisplit calibration scores on Xp;
5
6

Use OCC classifier to calculate Multisplit p-values for U dataset;

Fit FOR control procedure to find the threshold p(;., ensuring that FOR is controlled
at level a;

Choose all examples in U with p-values smaller than p;., as the candidate PU set;

8 Update VAE-PU target classifier with the risk function R,,,,(g) and candidate PU set;

9 end

~N

Crucially, note that the max term omission discussed in the context of Equation (4.40) is no
longer valid for algorithm [3| Avoiding loss clipping by dropping the max term was an important
building block of the VAE-PU+OCC, and was enabled by a proper control of the selected positive
unlabeled set size, which is no longer possible when FOR is controlled instead. We sacrifice
it in hopes that the purer and higher quality PU set will make up for the deterioration in the

optimization process.
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Table 5.3: Accuracy of VAE-PU+FOR for varying control levels a, contrasted with VAE-PU+IForest
method.

Dataset

C

0.01

0.05

0.1

0.2

VAE-PU+IForest

CDC-Diabetes

0.02
0.10
0.30
0.50
0.70
0.90

0.543+0.013
0.587 +£0.009
0.667 £0.004
0.702 £+ 0.003
0.715+0.001
0.718 £0.001

0.541+0.013
0.592+0.010
0.674+0.004
0.706 £ 0.002
0.718 £0.001
0.720£0.001

0.536 £0.013
0.589+£0.013
0.678 +0.003
0.709 £0.002
0.720 £0.001
0.722 £0.001

0.539£0.012
0.581 £0.008
0.660 = 0.004
0.697 £0.003
0.711 £0.002
0.716 £0.001

0.524£0.011
0.571£0.015
0.675+0.004
0.706 £0.002
0.719£0.002
0.725 £ 0.001

CIFAR CT

0.02
0.10
0.30
0.50
0.70
0.90

0.932 +0.002
0.935 +0.002
0.938 £0.002
0.922 £0.004
0.897 +0.009
0.893 £0.008

0.935+0.002
0.937 +£0.002
0.939 +£0.002
0.937+0.003
0.925 £ 0.006
0.917 £0.007

0.936 £0.001
0.937 £0.001
0.941 £0.001
0.941 £0.002
0.938 £0.005
0.935 £0.002

0.937 £0.002
0.935 £0.002
0.939 £0.002
0.939 £0.002
0.939 £0.002
0.944 £0.002

0.937 £0.001
0.938 +£0.001
0.942 £0.001
0.942 +0.002
0.943 £0.002
0.945 £ 0.002

CIFAR VA

0.02
0.10
0.30
0.50
0.70
0.90

0.926 £0.002
0.905 £ 0.005
0.904 + 0.006
0.917 £0.003
0.913 +£0.004
0.913 £0.006

0.932 +0.002
0.919+0.003
0.921 +£0.005
0.928 +£0.004
0.930+0.004
0.932+0.003

0.932 £0.002
0.932+0.001
0.940 £ 0.002
0.941 £0.001
0.937 £0.003
0.945 £0.002

0.926 £0.003
0.920 £0.003
0.927 £0.005
0.945 £0.001
0.947 £0.002
0.943 £0.003

0.933 £0.002
0.926 £0.001
0.934£0.001
0.938 £0.001
0.940+0.001
0.948 +£0.001

MNIST 3v5

0.02
0.10
0.30
0.50
0.70
0.90

0.780 +0.009
0.891 +£0.005
0.922 +0.002
0.938 £0.004
0.943 +£0.004
0.953 £0.003

0.780%£0.010
0.895 £ 0.005
0.924 +0.002
0.940 +0.003
0.944 +0.004
0.955+0.002

0.781 £0.011
0.896 £0.005
0.926 £0.003
0.940 £ 0.003
0.945 +0.004
0.956 £0.002

0.781£0.010
0.887 £0.005
0.920 £0.002
0.937 £0.003
0.943 +£0.004
0.953 £0.003

0.778 £0.011
0.899 £+ 0.005
0.926 +0.003
0.940 +£0.003
0.943 +£0.005
0.955+0.002

MNIST OvE

0.02
0.10
0.30
0.50
0.70
0.90

0.806£0.011
0.855+0.010
0.898 +£0.003
0.921+£0.003
0.938 £0.003
0.959 +£0.003

0.810£0.011
0.855 £ 0.008
0.893 +£0.006
0.921 +£0.003
0.940 £0.003
0.961 +£0.002

0.815+0.011
0.859 £0.009
0.904 £0.003
0.921 £0.003
0.941 £0.002
0.964 £0.001

0.803£0.011
0.850+0.010
0.897 £0.005
0.916 £0.003
0.936£0.003
0.955 +£0.004

0.812+£0.012
0.862+0.010
0.908 +£0.003
0.926 £ 0.002
0.944 £0.003
0.965+0.001

STL VA

0.02
0.10
0.30
0.50
0.70
0.90

0.846 +0.004
0.855+0.004
0.856 +0.004
0.867 +0.002
0.850+0.004
0.879 +0.005

0.846 + 0.004
0.866 +0.003
0.876 +0.004
0.880 +0.002
0.881 +0.003
0.893 +£0.003

0.847 £0.006
0.876 £0.003
0.889 +0.003
0.900 £ 0.002
0.900 £0.003
0.904 £0.003

0.843 +£0.004
0.870+0.004
0.886 +0.004
0.898 +0.003
0.899 £0.002
0.899 +£0.004

0.849 £ 0.006
0.879 £0.003
0.891 +0.004
0.897 £0.003
0.903 +0.003
0.912+0.003
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Dataset

C

0.01

0.05

0.1

0.2

VAE-PU+IForest

CDC-Diabetes

0.02
0.10
0.30
0.50
0.70
0.90

0.615+0.006
0.628 +0.006
0.684 £0.004
0.716 £0.003
0.723 £0.001
0.727 £0.001

0.637 £0.004
0.646 = 0.005
0.693 +£0.004
0.722 +0.003
0.726 +0.001
0.723+0.002

0.657 +0.002
0.662 +0.004
0.704 +£0.003
0.730+0.003
0.735%0.001
0.724 +£0.002

0.593 £0.009
0.613 £0.007
0.675+0.005
0.710 £ 0.004
0.721 £0.002
0.724 £0.001

0.666 + 0.003
0.673 +£0.003
0.715+0.003
0.740 = 0.002
0.746 £0.002
0.746 £0.002

CIFAR CT

0.02
0.10
0.30
0.50
0.70
0.90

0.933 £0.002
0.935 £ 0.002
0.938 £0.002
0.925 +£0.004
0.905 £0.008
0.901 +0.007

0.935+0.002
0.937 +£0.002
0.938 £0.002
0.938 +0.003
0.927 £0.006
0.921 £0.006

0.936 +£0.002
0.936 +0.002
0.940 £+ 0.002
0.940 +0.002
0.938 £0.005
0.937 £0.002

0.937 £0.002
0.934 £0.002
0.938 £0.002
0.937 £0.002
0.937 £0.002
0.943 £0.002

0.936 £0.001
0.937 £0.002
0.940 £ 0.002
0.941 +0.002
0.942 £ 0.002
0.944 £ 0.002

CIFAR VA

0.02
0.10
0.30
0.50
0.70
0.90

0.909 +£0.003
0.889 +£0.005
0.890 £+ 0.005
0.904 +0.003
0.900 +£0.004
0.900 +0.007

0.915 +0.002
0.903 +£0.003
0.907 +£0.005
0.914 £0.004
0.917 £0.005
0.919£0.003

0.913+0.003
0.916 +0.002
0.926 + 0.002
0.928 +£0.001
0.924 £0.003
0.933 +£0.002

0.905 £0.003
0.897 £0.004
0.906 £0.006
0.931+0.001
0.933 £0.002
0.931 £0.003

0.913 £0.003
0.902 +0.002
0.912+0.002
0.917 £0.001
0.921 £0.002
0.932+£0.001

MNIST 3v5

0.02
0.10
0.30
0.50
0.70
0.90

0.803+0.008
0.898 +£0.004
0.927 £0.002
0.942 +0.003
0.947 +£0.004
0.956 +0.002

0.798 +0.009
0.901 +£0.004
0.928 +£0.002
0.943 +£0.003
0.948 +0.004
0.957 £0.002

0.802+0.008
0.903 +0.005
0.930 +0.002
0.944 +0.003
0.948 +£0.004
0.958 +£0.002

0.799 £0.008
0.895 +£0.004
0.924 £0.001
0.940 £ 0.003
0.946 +£0.003
0.955+0.002

0.808 +0.008
0.906 £ 0.005
0.931£0.003
0.943+0.003
0.946 +0.004
0.957 £0.002

MNIST OvE

0.02
0.10
0.30
0.50
0.70
0.90

0.822+£0.011
0.866 +0.008
0.902+0.003
0.924 +0.003
0.940£0.003
0.960+0.003

0.822 £0.009
0.861 £0.006
0.894 +0.007
0.922 4+ 0.003
0.942£0.003
0.962 +0.002

0.825 £0.008
0.861 +0.009
0.904 +£0.003
0.920 £0.003
0.941 £0.003
0.964 +0.001

0.825 £ 0.008
0.863+0.008
0.903 £0.004
0.921 £0.003
0.939+0.003
0.957 £0.004

0.818 £0.012
0.864+£0.010
0.908 £0.003
0.926 £ 0.002
0.944 £ 0.003
0.965+0.001

STL VA

0.02
0.10
0.30
0.50
0.70
0.90

0.784 +£0.006
0.835+£0.003
0.839 £0.004
0.850£0.002
0.837 +0.003
0.862+0.004

0.785 £ 0.005
0.842 £0.002
0.856 +0.004
0.860 £+ 0.002
0.863 +£0.003
0.874 +0.002

0.790 £ 0.007
0.844 +0.004
0.864 +0.003
0.876 +0.002
0.879 +0.003
0.883 +0.003

0.781 £0.006
0.826 +0.005
0.848 £0.006
0.867 £0.004
0.875 £0.003
0.879 £0.004

0.798 £0.008
0.839 £0.004
0.854 +0.005
0.862 +0.004
0.871 £0.003
0.888 +0.003
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Table 5.5: Ratio of examples selected by VAE-PU+FOR to the number of examples selected by
VAE-PU+IForest (| Xpy,. |/ |Xpu,...| ® | Zpu.o.) /1 2pul), for varying control levels a.

« 0.01 0.05 0.1 0.2
Dataset c

0.02 | 0.892 0.932 0.972 1.099
0.10 | 0.926 0.965 1.087 1.220
0.30 | 0.969 1.026 1.076 1.228
0.50 | 0.951 1.009 1.069 1.216
0.70 | 0.978 1.018 1.075 1.190
0.90 | 0.968 0.999 1.071 1.198

0.02 | 0.470 0.504 0.726 0.958
0.10 | 0.326 0.649 0.976 1.105
0.30 | 0.033 0.401 0.972 1.106
0.50 | 0.025 0.118 0.980 1.113
0.70 | 0.017 0.066 0.874 1.110
0.90 | 0.015 0.110 0.311 1.069

0.02 | 0.215 0.236 0.338 0.900
0.10 | 0.206 0.255 0.312 0.525
0.30 | 0.172 0.214 0.252 0.420
0.50 | 0.052 0.062 0.189 0.291
0.70 | 0.048 0.070 0.142 0.263
0.90 | 0.054 0.081 0.146 0.230

0.02 | 0.554 0.594 0.684 0.868
0.10 | 0.526 0.578 0.680 0.869
0.30 | 0.514 0.557 0.638 0.848
0.50 | 0.501 0.551 0.629 0.831
0.70 | 0.439 0.486 0.543 0.689
0.90 | 0.270 0.285 0.320 0.379

0.02 | 0.020 0.021 0.028 0.032
0.10 | 0.009 0.009 0.012 0.015
0.30 | 0.004 0.005 0.006 0.007
0.50 | 0.006 0.006 0.010 0.018
0.70 | 0.004 0.004 0.007 0.012
0.90 | 0.009 0.012 0.014 0.016

0.02 | 0.723 0.753 0.880 0.998
0.10 | 0.268 0.343 0.456 0.607
0.30 | 0.202 0.279 0.365 0.523
0.50 | 0.221 0.278 0.341 0.458
0.70 | 0.148 0.224 0.275 0.386
0.90 | 0.122 0.142 0.174 0.240

CDC-Diabetes

CIFAR CT

CIFAR VA

MNIST 3v5

MNIST OvE

STL VA
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We conducted a set of experiments comparing the VAE-PU+FOR method with the VAE-
PU+OCC method, utilizing the best Isolation Forest classifier as the outlier detection method.
The experimental setting is unchanged from the one in the previous chapter, except for a new
medical dataset replacing Gas Concentrations, CDC Diabetes. Note that starting from this chapter,
we also use shorthands "CIFAR CT" and "CIFAR VA" for CIFAR CarTruck and MachineAnimal
datasets, respectively (and similarly, "STL VA"). For details about datasets and labeling, refer
to Appendix We used four different settings for the control level a: 0.01, 0.05, 0.1 and 0.2,
which serve here as values of a hyperparameter. The method and all experiment code is available
in a public Github reposito

The results are summarized in Tables[5.3]and[5.4. Both tables lead to a similar conclusion: the
VAE-PU+FOR method’s performance is close to VAE-PU+IForest in terms of both accuracy and
F1 score, with rare marginal improvements (the comparison of VAE-PU+IForest with standard
VAE-PU can be found in the previous chapter; as VAE-PU+IForest generally outperforms the
baseline model, we skip it in the comparison). The results are consistent across all datasets and
control levels, with control level a = 0.1 being the best — it offers the best trade-off between
the size of the candidate PU set and its quality. However, the VAE-PU+IForest method usually
outperforms its FOR-controlled counterpart. There are many potential causes of this performance
decrease — the loss clipping might impact method’s performance negatively, and as evident in
the prior FOR control results, the procedure requires a good p-value estimates to work properly,
which makes it very sensitive to the OCC model performance. An important observation is
that the VAE-PU+FOR method is more conservative than a pure VAE-PU+IForest method, as it
tends to select less candidate PU examples. This is evident in Table presenting the ratio of
selected PU examples to the number of examples chosen as positive from unlabled data set by
VAE-PU+IForest (which is equal to the expected number of PU examples present in the U set).
Except for the CDC-Diabetes dataset, the VAE-PU+FOR method selected a smaller number of
PU candidate examples than present — sometimes even drastically less, as in the MNIST OvVE
case. Normally, the number of selected examples decreases with both lower control level and
higher label frequency. The number of selected examples might be too low for proper PU risk
estimation (especially in the edge cases, such as MNIST OvE), and FOR control procedure based

on the imperfect VAE-PU generated examples might be too conservative.

5.6 Conclusions

In this chapter we propose the first (to our knowledge) empirical procedure allowing for FOR

control in the outlier detection scenario, which is vital in many real-life scenarios. Our approach

“https://github.com/wawrzenczyka/VAE-PU-FOR
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is mathematically justified and accounts for prior research on the related control algorithms, such
as Benjamini-Hochberg procedure for FDR control and its empirical Bayes underpinning. It is
important to note that the FOR control problem is substantially harder than its FDR counterpart,
due to threshold calculation requiring outlier distribution properties. The experiments presented
in the chapter prove method’s capability of controlling FOR as long as good quality p-values
are provided to the algorithm. That ties into the most significant limitation of the described
procedure — the dependence on the outlier scores supplied by the external methods makes their
imperfections transfer to the researched task. FOR control procedure is sensitive to breaking its
assumptions — this is most evident when skewness difference between outlier and inlier p-value
distribution is low, which results in outliers replacing a portion of missing inlier distribution,
which in turn causes their uncontrolled omission.

The last part of the chapter presents a new method, VAE-PU+FOR, which combines the
VAE-PU method with the FOR control procedure. However, despite the sound purity control
improvement promise, in practice the method does not outperform the VAE-PU+OCC method
described in the previous chapter. The results suggest that the FOR control procedure is too
conservative, and the loss clipping might be detrimental to the optimization process. The method

is also sensitive to the quality of the outlier scores, which makes it difficult to use in practice.
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Chapter 6

Augmented PU learning

6.1 Introduction

In the previous chapters we have considered the general, no-SCAR PU learning problem, where
some observations from a positive class are assigned labels, whereas the remaining observations
from this class, as well as all negative observations, are unlabeled, and labeling may depend on
covariates. Under such scenario the most common Machine Learning task is construction of a
classification rule based only on predictors, which will assign a new observation to a positive
or a negative class — many examples of such methods have been described in the introduction.
However, there are PU learning problems where the data partial observability can be slightly
loosened - in many applications we would like to perform classification on new PU observations

for which along with predictors, the labeling status is given.

Such situations commonly happen. A typical example is occurrence of hypertension. People
who check their blood pressure regularly and when it is abnormal report that to a doctor, are
treated for hypertension. In such a case positive labels are assigned to them. However, the
remaining (unlabeled) group consists of those who have abnormal blood pressure level but
do not contact a doctor, and those who are healthy. Another example is reporting episodes of
certain illness (i.e. migraine) using dedicated software, see e.g. Park et al. (2016). Here, some
patients who experience such episodes, fail to report them and thus they can not be distinguished
from patients who do not have them, whence both groups fall into unlabeled category. Note
that in the considered examples labeling status of new observations is naturally known. In the
first example above, in a new batch of patients, for those who fail to report hypertension, one
would like to detect those who are likely to be positive — we know for a fact that each of these
patients is unlabeled, as they did not report the health problems, labeled examples correspond
to previous illness reports. Similarly, in the "migraine" example it is of interest to detect patients

who likely have failed to report migraine episodes, in order to contact them, here also knowing
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whether the migraine episode was reported or not. Of course, in such a case, assignment is an
issue for unlabeled observations only, as for the labeled ones we know for sure that they belong
to a positive class. For the sake of distinguishing such task from the usual classification based on
predictors alone, we will call this problem prediction for augmented PU observations or, in short,
augmented PU prediction. To the best of our knowledge this is the first approach discussing this

problem in the literature.

In this chapter we establish the form of Bayes selection rule for detection of positive obser-
vations among unlabeled ones and show that it is more conservative than Bayes classification
rule based solely on predictors. The fact that we are less likely to classify items to a positive
class when they are unlabeled is understandable when one realises that unlabeled class contains

relatively less positive observations than the general population.

We calculate the Bayes risk for such scenario and bound the excess risk for an classification
based solely on predictors, what sheds light on advantage of using labeling information. Also we
introduce empirical Bayes classifiers taking advantage of recent proposals for posterior probability
estimators in this context. We show that the variant based on variational autoencoder designed
for PU data introduced in Chapter 4 works promisingly when accuracy relative to unlabeled

data is considered as an evaluation metric.

6.2 Augmented PU prediction method and its properties

We consider now augmented prediction for PU observations (augmented PU prediction) scenario
when a new observation (X, S) is given and we want to predict the corresponding value of Y.
Obviously, when S = 1 under assumed scenario we have Y = 1 and thus we need to consider

only the case S = 0. We introduce the following prediction rule

1, ifs=1
dPl(x,s) =14 | 1, if y(x) > . 6.1)
0, otherwise,

where y(x) is posterior probability of positive class. We will investigate the loss of efficiency
when label S, which carries information about Y, is not available for classification. To this end

we consider Bayes rule dgz(x) based solely on x:

1, if y(x)>13
dg(x) = o2 (6.2)
0, otherwise.
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Directly from the above definitions we have that dé’ Y(X,S) is more conservative on class S = 0

than dz(X) i.e. it less likely assigns objects to the positive class:
P(d?U(X,S) = 1|S = 0) < P(dy(X) = 1|S = 0).

Below we show that the rule dg U is optimal for 0-1 loss and calculate its risk and the excess risk of
dg(x). The fact that the optimal rule is less likely to assign positive class to unlabeled observations
than dj is due to the fact that positive observations occur less frequently among unlabeled ones
than in general population. Note that as dg U is more conservative, classification changes might
occur for both positive and negative examples — though in the expectation, the precision gain
should outweigh the lost recall. Also, it has practical consequences for recommendations on the
thresholds applied for classification in the follow-up studies involving PU data; see Section |6.4
The introduced approach is based on a simple observation that the considered problem can be
regarded as a problem of determining the Bayes risk in the case when the vector of predictors is

augmented by an additional predictor S. This also motivates the name of the problem. We let
y(x,s)=P(Y =1|(X,S) = (x,s)) (6.3)

be posterior probability of Y =1 given the augmented vector of predictors. We also define the
excess risk (or regret) of any augmented PU prediction rule d(x,s) as (see e.g. Menon et al.
(2015)):

A(d)=P(dX,S)#Y)—P(dV(X,5)#7).

Theorem 6.1. (i) d;V(X,S) defined in is the Bayes rule for Y under Py y g i.e. it is the
classification rule yielding the smallest misclassification error P(d(X,S) # Y). Moreover,

dg Y(X,0) is the Bayes rule for Y under Py y|s=o Yielding the smallest classification error
P(AX)#Y|S=0).

(ii) Define w(x) =14 s(x)—2y(x). Then Bayes risk of d.Y(x,s) equals

* 1 v
LPU = E(P(S = O) _EX,S:O |2y(X; 0) - 1| )

1 (6.4)
= 5 (P(s =0) By w(x)] )
(iii) We have for excess risk of dgz(x):
Ey (S(X)]I {y(X) < %}) <A(dg) <P(S=1). (6.5)

The inequalities above are tight when P ( y(X) < %) =1.
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(v)

Proof.

(i)
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Odds ratio OR(x) for odds of Y = 1 in class {S = 0} and odds of Y = 1 in a general population

equals

OR(x) = P(Y =1|S=0,X = x) / P(Y =1|X = x)

P(Y=-1|S=0,X=x)| P(Y=—1|X =x) (6.6)
=1—e(x).

(1) As we have

P(d2U(x,8)#Y)=P(dlV(X,8) £ Y|s=1)P(s=1)
+ P(d};U(X,s) #Y|s=0)P(s=0)
and the first term on RHS equals 0, it is enough to prove that the second and the third

line in (6.1)) define Bayes rule on the strata {S = 0}. The Bayes rule for this problem is
given by assigning Y = 1 when the following condition holds:

P(Y=1|S=0,X =x) o1
P(Y=-1|S=0,X=x)

Denoting by f (x) either the density of X or its probability mass function at x we have,

inverting conditional probabilities, that that the ratio above equals

P(S§=0,Y=1,X=x) _ f()(y(x)—s(x))
P(S=0,Y=—1,X=x) f(x)(1—y(x))

(6.7)
_ y(x)=s(x)
1—y(x)
Then it is enough to note that
- 1
YEIZs) g 2 s L) (6.8)
1—y(x) 2
As dFY(x,s) is Bayes classifier, its risk equals
Ly =Exsmin(¥(X,5),1- (X)), 6.9)

where y(x,s) is defined in (6.3). This is easily justified by noting that if y(x,s) > % and
thus (x,s) is assigned to a positive class by the Bayes classifier, it commits an error with
probability 1 — y(x,s) = min(y(x,s),1— y(x,s)). Moreover, we have that y(x,1) =1

and reasoning as in (6.7) we obtain

y(x,0)=P(Y =1|(X,S) = (x,0))
= (y(x)—s(x)) / (1 —s(x)).



6.2. AUGMENTED PU PREDICTION METHOD AND ITS PROPERTIES

107

In view of min(a, b) = (a+ b —|b—al)/2 we have min(a,1 —a) =(1—1|2a—1|)/2 and

whence implies that

1

iy =5~ 5 Bs [P0 -1
1 1 ~
= 5 — E]EX’Szl Zy(X, 1)_ 1
(6.10)
— E Ex,szo Zy(X, 0) —1
1 1 1 ~
:E_EP(S: 1)_§]EX,S:0 2_)/(X,O)_]- '

Thus we established the first equality in (6.4). Noting that

Ex 5-0 |25(X,0)—1|

B |2y(x)—s(x)—1|
B 1—s(x)

= Ex [w(X))|

fO)(1 —=s(x)) dx

we establish the second one. We note that from the proof above it follows that df; U(x,0)

is the Bayes classifier on the strata {S = 0} and its Bayes risk L;‘;% equals
L, 1 1 ~
Loy = P_U =575 X|s=0|2)’(X:0)—1|
P(S=0) 2 2 ©6.11)
L1 Eylw(x)] '
2 P(S=0)

(iii) Reasoning as above we have
. 11
L= P(dy(X) #Y) = 5 — 2 By [2y(X) =1
and in view of (6.10) we obtain
L' =Ly, =;P(S=1) + B {|2yC0)—s)—1| |2y () - 1|}
RHS of Il is obtained by using triangle inequality |2 y(X)—s(X)—1 | — | 2y(X)—1 | < s(x).
To prove LHS of (6.5) we note that we have the following refinement of triangle inequality

forb>0
la—b| = |a|—b+2b xTI{a < 0}
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Applying this to a :=2y(X)—1 and b := s(X) we have that
1
12y(X)—s(X)—1| = [2y(X) -1 —s(x)+25(X)I[{y(X) < 5}

and this implies the conclusion as Es(X) = P(S = 1). Note that the lower bound equals
the upper bound when for all x we have y(x) < % In this case we note that P(dB(X ) #
Y)=P(Y = 1) whereas P(ng(X,S) #Y)=P(S=0,Y =1) and the excess risk is thus
P(Y =1)—P(S=0,Y =1) = P(S = 1). The result in (iii) is intuitive: d;¥ does not err on
S =1, whereas d; commits an error on this stratum if y(x) < 1/2.

(iv) This follows by noting that in view of above derivations

OR(x) =

y(x)—S(X)/ y(x) _J’(x)_s(x):1—e(x).

1—y(x) T1=y(x) y(x)

Remark 6.2. (i) In the view of Lemma the threshold in can be expressed as

1+s(x)

y(x)> y = y(x)>

2—e(x)

When e(x) is large, then unlabeled element is less likely to be positive and the threshold
becomes larger.

(ii)) We note that when labeling is independent of an object in a positive class (SCAR assumption)
and thus propensity score e(x) = ¢, we have (cf (1)):

1
dV(x,0)=1 < y(x)>2—.
—c

For situation of complete lack of labeling (¢ = 0) unlabeled class is distributed according to
Py and d}Y(x,0) coincides with dg(x) in agreement with the last inequality. Note that since
under SCAR positive observations are labeled or not, regardless of the predictors’ values, the
threshold (2—c) ™! above is due solely to the changed proportion of positives among unlabeled

ones compared with the general population.
Below we calculate excess risk in (6.5]) for a specific model.

Example 6.3. Let y(x) =®(x),X ~ A(0,1), and x € R (univariate probit model with standard
normal predictor), and let propensity score e,(x) = 1{x > a} i.e. above threshold a € R all positive
observations are labeled. In this case the excess risk of dz(x) defined in for a > 0 equals (refer
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Figure 6.1: Values of y; 5(x,0) depending on f3.

to appendix Q] for full derivation)

A(dg) = Ex [ min (y(X),1—y(X))]

—Ey 5[ min(¥(X,S),1-5(X,S))]

1 ®*(a) 1

and for a < 0 equals %— @ > 0. Note that for a — 00 excess risk tends to 0 as Py s_, approaches
Py in this case and df;U(x, 0) tends to dg(x). For a — —oo the excess risk tends to 1/4 (risk of
dg(x)) as the risk of dfV(x,s) tendto 0 0.

Example 6.4. Consider the situation when y(x) = o(ax) and e(x) = o(fx) for x € R and
a, 3 = 0. Then we have for y(x,0) defined in

y(x)—s(x) _ o(ax)—o(ax)o(fx)

V., 5(x,0)= _
; 6.12
oo 1 1 6.12)

1 - — p— _ .

e

The plot of ¥, g(x,0) for a = 1 and various s is shown on Figure Note that for a = f3 we
have y, ,(x,0) = (2 + exp(—ax))~! which tends to % when x — +09, indicating the most difficult

situation when y(x,0) is in a vicinity of %
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6.3 d;Y applications — VAE-PU-Bayes

The proposed dfY rule uses are not limited to the direct applications to the augmented PU
prediction style data (where the observation label is available for the test data). As a motivational
example we consider first a typical PU problem, with only predictors available at the test time.

VAE-PU-Bayes is another novel proposal which aims to further improve upon performance
of VAE-PU+OCC proposed in Chapter [4] Inner selection of the predicted positive examples is a
crucial part of the VAE-PU+OCC, but general purpose one-class classifiers are — on the whole — a
relatively low power methods, as they work with very limited information — only using the inlier
example distribution. Note that even in the standard PU problem, we can use more information
than that, as we have access label information for all of the training examples. This allows for
training a classifier which can be used for s(x) estimation. VAE-PU-Bayes, which we introduce
here, combines such a classifier with the VAE-PU y(x) estimation in order to apply d;" rule. As
here the aim is to only filter the unlabeled set, we have S = 0 on it and can use the relevant part
of the dg U rule. Note that for the unlabeled stratum, we can rewrite it as follows (see Eq. ):

1+5(x) _ y()=s(x)

y(x)> > = 1500 > 1.

An important consideration is that for numerical reasons, the proportions in the training dataset
are crucial to VAE-PU training (recall Section for details) — due to that, the number of

selected likely positives should reflect the true portion on unlabeled positives present in the

y(0)—s(x)
1-y(x)

and select the appropriate number (as

dataset. Thus, instead of choosing all unlabeled elements satisfying > 1 as likely

Yyo)—s(x)
1-y(x)

defined in Algorithm [2| step [7) of examples with the highest score as an approximation of

positives, we calculate an example’s score as

internal true PU set. This approach to PU set generation is consistent with the decision rule
proposed in the chapter, and can significantly outperform OCC-based models due to more

powerful classification approach.

6.4 Numerical experiments

To check the effectiveness of the proposed approach, we prepared an extensive suite of experi-

ments. We considered 4 synthetic and 6 real-world datasets:

* All synthetic datasets are generated using a mixture of two 20D Gaussian distributions (with
different means 0 and u and unit covariance I, except Variant 3) as a feature vector. This
implies that indicator Y of an element of a mixture is drawn from the logistic distribution
with parameter 3 (3 is equal to direction of LDA boundary between feature clusters; we

use intercept value which ensures © = 0.5). The following variants were used:
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- Variant 1. Propensity score for a positive example e;(x) equals o(y"x +r), o(+)
being the logistic function, parameter vector y = [y4,7,...,¥,] =[0.5,0.5,...,0.5]
and intercept r is tuned to ensure correct label frequency. Intercept tuning uses the
assumed label frequency error ¢ —c| (absolute difference between empirical label
frequency in the dataset and its target value) as the objective, which is minimized
using differential evolution algorithm.This allows us to construct synthetic datasets

with both required labeling probabilities and label frequencies.

— Variant 2. Propensity score: e,(x) = e;(x)'® which approximates step-wise function
and has been considered in Gong et al. (2021)).

— Variant 3. In this variant, covariance matrix is diagonal, non-unit matrix in order
to obtain non-logistic data (the diagonal vector equals: [1,2,1,2,...,1,2]), e5(x) =
e1(x),

- Variant 4 (SCAR). Constant propensity score, equal to label frequency: e,(x) =c
(equivalent to the SCAR assumption).

* Real-world datasets, with characteristics of the datasets and their labeling as given in the

Appendix [E] Here we keep dataset naming convention from the previous chapter.
We propose the following variants of the three popular no-SCAR PU methods:

* LBE+S. LBE (Gong et al. 2021) method is a natural candidate due to explicit modeling of
both posterior probability y(x) of Y = 1 and propensity score e(x) (recall that we can
obtain posterior probability of S = 1 by using s(x) = e(x)y(x)). After training the LBE
classifier, we use both fitted components as plug-in estimators of y(x) and s(x) values in

dfV rule.

¢ VAE-PU+S (abbrev. VP+S). We use VAE—PLE] (Chapter ) classifier as the base. As
this model does not natively use the notion of propensity score in contrast to LBE, we
introduce a separate feed-forward neural network for s(x) estimation, trained separately
from VAE-PU in the additional training step. Its predictions are then fed (together with
VAE-PU’s y(x) estimations) to the proposed decision rule.

* VAE-PU-Bayes+S (abbrev. VP-B+S). We use a newly introduced VAE-PU-Bayes classifier
(described in Section[6.3) as the base. Similarly to VAE-PU, s(x) estimator is trained and
provided externally using available (X;,S;)"_; set.

Note that for synthetic datasets, we can obtain accurate values of both y(x) and s(x); for those

datasets we will additionally show results of the following two pseudo-methods:

'WAE-PU implementation includes the baseline modifications described in Chapter
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* S-Prophet. Corresponds to the application of dg U rule (6.1) with exact y(x) and s(x).

* Y-Prophet. Corresponds to a "naive" approach, where a researcher infers Y =1 for test
labeled examples with S = 1; but then (as one would in the standard PU task) blindly
applies (6.2)) to all other examples. Note that we assume knowledge of y(x).

We also define a "naive" versions of LBE+S, VAE-PU+S and VAE-PU-Bayes+S in a similar way
(as LBE, VAE-PU and VAE-PU-Bayes) — by assuming Y = 1 for labeled test examples, and using
the simple dj rule for the unlabeled examples.

In order to evaluate the performance, we focus on the "U-metrics", that is metrics calculated
for unlabeled stratum. As prediction for labeled test examples is trivial, omitting them in
the evaluation results paints clearer picture of the true, underlying decision performance.
As an example, U-Accuracy is an Accuracy calculated only on the S = 0 stratum: U-ACC =
ny”' ZerU I{d(xy,s) = yu}-

We prove the effectiveness of the proposed modification in two steps. First, we show which
of the proposed variants (relying on d. rule) performs the best on our benchmark tasks. We
then go on to compare the best variant with its naive counterpart, showing the benefits of
applying our proposed decision rule. Each experiment (defined as a combination of dataset,
label frequency and method) was performed 10 times, each time initialized with a different
random seed (equal to experiment number). All code used for method implementation and
performed experiments is publicly available at GitHulﬂ

The result section will also contain a brief comparison of VAE-PU-Bayes (abbrev. VP-B)
method with the baseline VAE-PU (abbrev. VP; it includes modifications described in Chapter |4)
and two recommended VAE-PU+OCC variants — A% (abbrev. VP- A3) and Isolation Forest (abbrev.
VP-IF). Those experiments were performed without test label availability, and use accuracy as the
main metric. The other experimental settings do not differ from the augmented PU prediction
experiments. The code for this method is a modification of the original VAE-PU+OCC code, also
publicly available in a separate GitHub repositoryﬂ

6.4.1 Results of experiments

VAE-PU-Bayes. First, we show the effectiveness of VAE-PU-Bayes in traditional PU setting.
Table[6.1|presents the accuracy comparison between the newly introduced variant and previously
existing VAE-PU and VAE-PU+OCC. In the vast majority of cases it outperforms the other VAE-
PU variants, often by a very large margin — up to 5 percentage points (pp.), as in the case
of CDC-Diabetes. The only exceptions are the lowest label frequency ¢ = 0.02, where is it

Zhttps://github.com/wawrzenczyka/VP-Bayes-S
*https://github.com/wawrzenczyka/VAE-PU-Bayes
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Table 6.1: Accuracy values — VAE-PU-Bayes (traditional PU setting)

c Method | MNIST 3v5 MNIST OVE CIFAR CT CIFAR VA STL VA CDC Diabetes
VP 79.67 £090 70.00+1.76 87.31+0.58 90.51+0.52 81.64+£0.44 50.82+0.22
0.02 vp-A® 79.01 £0.70 74.89+1.62 83.67+1.05 90.73+0.27 79.62+0.55 53.77 £1.33
VP-IF 79.07 £ 0.75 76.87 £0.99 89.98+1.23 89.99+0.36 79.98+1.06 52.38=+1.20
VP-B 78.65+0.87 73.13+1.70 91.74+0.90 93.70+0.17 84.68=+0.65 57.92+1.31
VP 83.57+0.59 77.08+0.92 91.22+0.19 91.54+0.31 85.31+0.32 51.37£0.25
0.10 vp-AS 89.91 £0.32 83.14+1.41 90.35+0.47 92.35+0.28 8491 +0.44 59.78+1.36
VP-IF 90.12+0.30 83.60+1.28 9226+ 0.39  90.21 £0.57 85.52+0.56  57.24+1.51
VP-B 90.76 + 0.54 85.72+1.05 93.73+0.17 94.39+0.14 88.44+0.28 63.46 +0.83
VP 86.77 £0.48 83.71+£0.27 92.96+0.28 93.72+0.13 88.23+0.27 54.32+0.26
0.30 vp-A3 92.65+0.22  90.49+0.23 89.88+0.68 93.45+0.12 86.38+0.37 68.32+0.38
VP-IF 92.73 £0.22  90.59 £0.23  93.37+£0.21 92.02+0.44 87.11+£0.51 67.72 + 0.44
VP-B 92.98 £ 0.34 90.88 £0.27 94.22+0.13 94.95+0.06 89.99+0.26 69.87 +0.19
VP 88.32 £ 0.55 80.87 £1.35 9291 +0.31 88.19+£0.37 88.57+049 60.58 £0.37
0.50 vp-A® 93.28 £0.59 91.88+0.42 88.03+1.16 9344+0.12 8746+0.24 7097 £0.19
VP-IF 93.40 £ 0.55 91.59+£0.35 93.74+0.13 92.04+0.26 87.91+0.35 70.66 £ 0.22
VP-B 93.92 £ 0.38 92.10+0.28 94.46 £ 0.17 94.99+£0.05 90.57+0.30 71.79 +£0.12
VP 91.58+£0.60 91.17+0.29 94.20+0.20 94.67+0.08 90.12+0.34  65.91 +£0.25
0.70 vpAS 93.89£0.46 94.10+0.28 88.93+141 93.99 £0.07 89.06 £ 0.28 72.01 £ 0.07
VP-IF 94.21 £0.39 94.39+0.25 93.99+0.16 93.74+0.10 89.27 £0.32 71.93 £0.15
VP-B 94.59 £ 0.57 94.78+£0.16 94.51+0.18 95.28 £0.04 91.01 +£0.24 72.42 + 0.07
VP 94.63 £0.17 93.15+£0.25 94.49£0.14 94.79+0.13 91.14+0.23 71.02 £0.17
0.90 vp-A3 95.35 £ 0.15 9590 £0.10 91.12+0.34 94.69+0.09 91.03+0.24 72.21 £0.07
VP-IF 95.70 £0.18 95.80 £0.12 9448 £0.19 9458+ 0.08 91.29 +£0.29 72.45+0.13
VP-B 95.29+£0.16 95.96 £0.11 94.29+0.22 95.12+0.13 91.16+0.27 72.20 £0.13

outperformed on MNIST datasets, and ¢ = 0.9, but even in this last case it is roughly comparable
to the best alternative. The original VAE-PU achieved the best performance only in 2 cases out
of 36, with a very small margin. As VAE-PU+OCC was shown to achieve state-of-the-art level
performance when compared to non-generative alternatives (see Chapter [4.8.1), VAE-PU-Bayes
can be recommended as an improved variant of this model for traditional PU learning problems.

Augmented PU prediction. The rest of the result Section focuses on augmented PU prediction
scenario (with available test labels). We stress that the aim here is to choose the best performing
method among possible proposals for the new scenario. Tables[6.2]and[6.3|aggregate experiments
performed with dfV rule for synthetic and real-world datasets, respectively. The best U-Accuracy
is marked in bold for each dataset and label frequency combination. The results for Balanced
Accuracy are given in the Appendix [D] (note that the ratio of positives to negatives among
unlabeled equals (1 —c¢)/(1 — ) and may be small for ¢ = 0.7,0.9). For synthetic datasets,
VP-B+S is the top performer in the low frequency region; LBE+S does not work well for low
label frequencies, but tends to overtake VP-B+S for ¢ = 0.7 — then it levels off and falls off for
¢ = 0.9. Even though VP+S is better that VP-B+S for ¢ = 0.9, it is outperformed by it for all other
label frequencies. For real-world datasets, VP-B4+S shows even better performance, dominating

in the vast majority of test cases, except for high label frequencies ¢ = 0.5,0.7 in the case of CDC
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Table 6.2: U-Accuracy values — Method comparison — Synthetic datasets

c Method | Synth. 1 Synth. 2 Synth. 3 Synth. SCAR
S-Prophet | 73.29+0.35 73.24+035 71.37+0.35 73.48+ 0.35
00y VPFS 60.55+£248 59.15+£2.62 59.77+240 63.19+1.75
VP-B+S 61.23 +2.35 59.35+2.66 60.16+2.36 63.45 + 1.82
LBE+S 50.32+0.50 50.59+0.50 50.66+0.49  50.29 + 0.47
S-Prophet | 72.63 +0.30  72.16 +0.35  70.61 £ 0.30  73.74 + 0.34
010 VPHS 67.18 042 6596+ 0.58 67.02+0.57  67.64 + 0.42
VP-B+S 67.71+0.49 66.63+0.60 67.49 +0.59 68.37 + 0.50
LBE+S 52.72+£0.47 53.45+0.50 53.04+045 5239 £ 0.53
S-Prophet | 71.70 £ 0.42  70.83 £0.48 6945+ 0.39  74.30 = 0.46
030 VPHS 67.77£0.57 6529+ 0.64 66.90 +0.55  70.20 £ 0.45
VP-B+S 68.51 + 0.54 66.41+0.57 67.27+0.47 71.03 £ 0.42
LBE+S 61.05+0.36 60.80+0.43 61.03+0.31 58.80 + 0.52
S-Prophet | 72.78 +0.57 71.96+046 70.75+0.59 76.93 + 0.56
050 VPFS 66.87 £0.41 65.04+0.47 66.07+0.67 69.78 £ 0.68
VP-B+S 67.90 £ 0.45 6557 £0.46 67.01+0.51 72.31+0.38
LBE+S 68.72+0.51 67.72+0.50 68.45+0.45 70.86 + 0.48
S-Prophet | 78.79 £ 0.40  78.37 +0.35  77.70 £ 0.50  81.31 +0.37
070 VPFS 67.28+£0.88 66.38+0.88 66.05+0.78 69.34+1.27
VP-B+S 70.49 +£0.54 68.91+0.51 69.04+0.48  73.57 £ 0.59
LBE+S 74.74 £ 0.42 73.50 + 0.52 73.57 £ 0.42 81.03 + 0.38
S-Prophet | 91.20 £ 0.49 91.26 050 91.42+0.44 91.83 +0.36
090 VPHS 85.54 + 0.49 86.00+0.76 85.64+0.70 87.97 + 0.55
VP-B+S 84.00 £0.42 84.48+0.69 83.90+056 86.50 £0.54
LBE+S 7476 £0.46  7453+0.47 73.57+055 7814+ 0.48

Table 6.3: U-Accuracy values — Method comparison — Real-world datasets

c Method | MNIST 3v5 MNIST OVE CIFAR CT CIFAR VA STL VA CDC-Diabetes

VP+S 77.74 £1.10 68.47+1.18 87.19+049 90.32+0.25 81.43+0.66 49.76 £1.49
0.02  VP-B+S 78.74+1.53 74.91+1.51 9245+0.43 94.11+0.09 84.54+0.67 51.15+1.74
LBE+S 47.38+£0.32 49.82+0.14 50.50+0.40 60.67+£0.22  60.55+0.28 50.47 =+ 0.20
VP+S 80.21 £ 0.61 7396 £1.43 91.42+£0.33 91.93+0.33 86.36+0.38 56.57 £0.79
0.10  VP-B+S 84.32+0.76 83.12+1.24 93.45+0.19 94.37+0.12 88.74+0.30 61.01 %+ 0.69
LBE+S 49.81 £0.34  51.55+0.15 53.19+0.39  62.81+0.29 62.93+0.28 52.55=+0.20
VP+S 80.66 = 0.73 78.38£0.96 9295+0.30 93.49+0.16 88.93+0.20 51.76+0.94
0.30  VP-B+S 86.95+0.52 87.98 +£0.64 94.32+0.14 95.22+0.07 89.90+0.30 62.63 = 0.89
LBE+S 56.26 £0.34  57.11 £0.15 63.07 £1.04 7437+236 71.53+1.13 58.72+0.20
VP+S 82.25+0.78 81.15+0.93 94.39+0.20 94.63+0.26 90.85+0.26 48.01 £0.85
0.50 VP-B+S 89.20 £ 0.81 90.25+0.56 95.13+0.20 95.65+0.12 91.44+0.30 66.88 +0.37
LBE+S 64.23 £ 0.33 64.80 £0.23 80.81+£1.68 8535+1.18 84.15+1.00 72.39 £ 0.81
VP+S 86.42 £ 0.65 85.88 £0.67 95.32+£0.22 95.53+0.18 93.27 £0.29 42.13+1.05
0.70  VP-B+S 92.19+0.47 92.76 £0.43 95.73+0.18 96.23+0.12 93.27+0.21 71.74+0.49
LBE+S 74.84 £0.40 76.65+0.22 93.86+0.57 95.16+0.25 92.17 £0.38 77.12 £ 0.79
VP+S 91.90 £ 0.35 9091 +£0.35 96.65+0.16 96.76+0.15 95.83 +£0.19 42.56=+2.15
0.90 VP-B+S 94.07 £ 0.25 95.73+£0.23 96.47+0.16 97.11+0.09 95.37+0.24  83.53 £ 0.33
LBE+S 90.00 £0.27 87.03+0.97 9421 +£048 94.69+1.25 94.01+0.85 71.09 £1.63
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Table 6.4: U-Accuracy values — Decision rule comparison — Synthetic datasets

c Method | synth.1 Synth. 2 Synth. 3 Synth. SCAR
S-Prophet 73.20+035 7324+0.35 71.37+035 73.48+0.35
Y-Prophet 73.31+0.36 73.24+0.35 71.40+0.36 73.50 £ 0.35

00y VPB 61.00 + 2.40  59.62 = 2.56  60.14 + 2.38  63.37 + 1.77
VP-B+S 61.23 £2.35 59.35+266 60.16 +2.36 63.45 + 1.82
VP-B+S + true s(x) | 60.65+241 59.15+269 59.98+239 63.14 £ 1.76
VPB+S + true y(x) | 73.29+0.37 73.21+0.35 71.44+0.35  73.46 + 0.33
S-Prophet 72.63+030 72.16+0.35 70.61+030 73.74*0.34
Y-Prophet 72.63+0.35 7219+0.37 70.68+0.37  73.66+ 0.33

010 VPB 67.81+ 0.48 6642+0.53 67.38+0.60 68.35+ 0.48
VP-B+S 67.71+£0.49 66.63=0.60 67.49 +0.59 68.37 £ 0.50
VPB+S + true s(x) | 67.64+0.50 6633 +051 67.16+0.62 68.07 +0.48
VPB+S + true y(x) | 72.71+£0.34 71.92+039 70.61+0.35 73.73 +0.32
S-Prophet 71.70 £ 042 7083 +£0.48 69.45+0.39  74.30 £ 0.46
Y-Prophet 71.06 £0.39  70.08+0.39 69.00+0.37  73.56 £ 0.34

030 VPB 68.25+ 047 6627 +0.62 67.14+052 70.56 + 0.43
VP-B+S 68.51+0.54 66.41+0.57 67.27+0.47 71.03 £ 0.42
VPB+S + true s(x) | 68.19 = 0.54 66.02+063 67.06+051 70.72 + 0.44
VP-B+S + true y(x) | 71.26 £0.46  70.56+0.52  69.19 +0.43  74.32 + 0.48
S-Prophet 72.78 £ 057 7196046 70.75+059  76.93 £ 0.56
Y-Prophet 69.87 £0.40 68.83+0.39 67.81+043 73.26+0.35

050 VPB 67.07 040 65.18 £0.45 66.14+0.65 70.43 £ 0.46
VP-B+S 67.90 £ 0.45 6557 +0.46 67.01+0.51 72.31+0.38
VP-B+S + true s(x) | 67.58£0.38 6536+ 0.51 66.67 £0.63 71.99 £ 0.46
VPB+S + true y(x) | 72.06+0.59 71.11+0.61 69.83+0.62  76.34 + 0.62
S-Prophet 78.79 040 7837 +£0.35 77.70 £050 81.31 + 0.37
Y-Prophet 69.39 £ 041 68.79+0.43 67.44+047 73.42+0.35

070 VPB 6646+ 059 65.69+0.56 6525+ 065 68.76 = 0.71
VP-B+S 70.49 £ 0.54 68.91+ 0.51 69.04 +0.48 73.57 + 0.59
VP-B+S + true s(x) | 69.95+0.58 69.16+ 049 68.88 = 0.53  73.09 + 0.58
VP-B+S + true y(x) | 77.42+045 77.11+0.39 7595+0.61  80.46 + 0.46
S-Prophet 9120049 91.26+0.50 91.42+044 91.83+0.36
Y-Prophet 7130 £ 044 71.17+0.45 69.25+0.47  73.33 £ 0.48

090 VPB 69.71+0.37 69.47£0.41 68.16+049 71.76 £ 0.42
VP-B+S 84.00 + 0.42 84.48 £0.69 83.90 + 0.56 86.50 + 0.54
VP-B+S + true s(x) | 84.12+0.56 83.89 £ 0.55 83.56+0.65 87.03 £ 0.49
VP-B+S + true y(x) | 90.44+041  90.69 +0.47 89.72+0.37  90.82 £ 0.24

Diabetes (where it is outperformed by LBE-S). Overall, we find that VP-B+S is the empirical
variant of rule (6.1) most suited for general recommendation and use, thus we will use it in
the further results’ presentation. We also note that the dependence of performance on labeling
frequency c is much less pronounced here than in classical PU inference. This is due to the fact
that large value of c in general translates to a relatively smaller number of positive observations

among unlabeled ones.

In Tables and we aim to capture the impact of using dfV rule-based VP-B+S instead
of its naive counterpart, VP-B. For synthetic datasets, where we have access to true y(x) and s(x)
value, we contrast them with the analogous, reference S-Prophet and Y-Prophet methods. In this
case, we also introduce the "semi-Prophet" methods — VP-B+S with true s(x) and VP-B+S with
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Table 6.5: U-Accuracy values — Decision rule comparison — Real-world datasets

c Method | MNIST 3v5 MNIST OVE CIFAR CT CIFAR MA STL MA CDC-Diabetes
0.02 VP-B 78.75+1.44 7453+£149 9240+ 041 93.94+£0.10 84.50%+0.66 51.07+1.76
VP-B+S 78.74 £ 1.53 7491 +£1.51 9245+0.43 94.11+0.09 84.54+0.67 51.15+1.74
0.10 VP-B 84.14 £ 0.65 82.67 £1.30 93.32+£0.18 94.29+0.12 88.54+0.30 61.25 £ 0.80
VP-B+S 84.32+0.76 83.12+1.24 93.45+0.19 94.37+0.12 88.74+0.30 61.01 £0.69
0.30 VP-B 86.64+£0.56 87.89£0.65 94.18+0.17 95.11+0.07 90.11 +£0.26 63.44 +0.81
VP-B+S 86.95+0.52 87.98+0.64 94.32+0.14 95.22+0.07 89.90+0.30 62.63 £0.89
0.50 VP-B 88.75+0.84 90.19+0.54 94.87+0.22 9544+0.11 91.35 £ 0.25 66.52 + 0.31
VP-B+S 89.20 £ 0.81 90.25+0.56 95.13 £0.20 95.65+0.12 91.44+0.30 66.88 +0.37
0.70 VP-B 91.84+0.48 92.73+0.39 9530+0.20 9594+0.10 92.64+0.24 67.73 £0.43
VP-B+S 92.19 £ 0.47 92.76 £0.43 95.73+0.18 96.23 £0.12 93.27+0.21 71.74+0.49
0.90 VP-B 93.90 £ 0.25 95.45 £0.21 95.68 £0.16  96.51+0.05 93.54+0.26 68.13+0.34
VP-B+S 94.07 £ 0.25 95.73+£0.23 96.47 £0.16 97.11 £0.09 95.37 +£0.24 83.53 + 0.33

true y(x), where the true values replace the corresponding VP-B+S probability estimation. First
thing to note is that S-Prophet is nearly equivalent to Y-Prophet in low label frequency setting.
When there is a small number of labeled examples, it leads to low in expectation predicted
labeling probability s(x). As the rules dfV and dj are equivalent when s(x) = 0, for low label
frequencies the change in predicted class is relatively infrequent. As the label frequency increases,
so does the discrepancy between prophet methods — culminating in the drastic difference of
20 pp. for ¢ = 0.9. The differences between VP-B+S and VP-B are not as big, and also tend
to increase jointly with label frequency. However, p-value of the binomial test for testing H,:
P(U-acc. of VP-B > U-acc. of VP-B+S)> 1/2 against the opposite hypothesis, equals to 1.8 x 10~
(corresponding to 2 wins in 24 trials) for Table and 1.1 x 1077 in case of Table Using
the correct decision rule via VP-B+S we obtain U-Accuracy increase in almost every test scenario,
though the margin here is much smaller than in the case of Prophets, and more pronounced
for synthetic datasets. Inspecting semi-Prophet results gives us additional insights into the dg v
components. Note that when using true y(x), the VP-B+S semi-Prophet’s accuracy does not
deviate significantly from S-Prophet’s — even though the estimation of s(x) was fairly crude, it is
good enough when combined with accurate y(x) estimations to improve results significantly.
The same does not hold true for VP-B+S semi-Prophet using true s(x) values, which indicates
that y(x) estimation inaccuracy is a major contributor to the performance drop compared with
the Prophet methods. This is evident by contrasting the results with the S-Prophet — Y-Prophet
pair, where using true s(x) for d¢V rule proved to increase performance dramatically for high
label frequencies. Note that sometimes even a slight variation of y(x) might led to a between

dpV influencing the final example label or leaving it unchanged.

Results described above show that in real-world scenarios, the performance gain obtained by
using the proposed decision rule over d rule is systematic but relatively small; this is especially

apparent when comparing it to Prophets’ improvements. Figure [6.2|aims to illustrate one of the
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Figure 6.2: Classification rules for test instances, CIFAR VA, ¢ = 0.9, S = 0 stratum (colored by
test class).

potential causes of that problem. For the sake of this example, we will plot those values only for
examples from S = 0 stratum. Note that for this stratum, dj rule is equivalent to I{y(x) > 0.5},
whereas dJV - to I{y (x) — % > 0.5}. This formulation provides us with a matching threshold

0.5 for both rules.

The example orders the test examples according to increasing y(x) (blue color, basis of
dg rule). In the figure, we introduce one additional dot for each test instance, which now

corresponds to y(x)— S(Tx) (basis of dg U rule). Those dots are colored based on their test class
(x)
%
¥(x), in order for the d and d.Y classification rules to differ on the S = 0 stratum (i) the blue

(positive examples in green, and negative — in red). As y(x)— is always lower or equal to
dot for the given test example must be above black boundary line (y = 0.5), and (ii) the other
dot (green or red) must be lying below it. The area in the chart where this is possible is shaded
gold, and only examples falling there fulfill both conditions. The important thing to note is that
the amount of examples falling in the golden area is relatively small, due to approximated y(x)
tending to the extremes of 0 and 1 — which might not hold true for the true y(x) distribution.
This limits the benefits of applying the dfV rule, as even though the examples in the golden
area are mostly negative (resulting in decreasing of the number of false signals), and the green,

positive unlabeled examples are concentrated in the high y(x) area, the limited number of
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affected examples by rule’s modification lowers the impact of the correction on the metrics such

as U-Accuracy.

6.5 Conclusions

The contribution of this chapter is twofold: firstly, we highlight a previously unexplored area of
PU learning (augmented PU prediction) where labels for examples are available at prediction
time. Secondly, we propose a novel d}Y decision rule tailored for this setting. We study the
basic properties of the proposed rule and contrast it with the properties of the usual Bayes rule
based solely on features of the examples. We also show that d/"’s usefulness is not limited to
the augmented PU prediction scenario, and it can be employed also in e.g. in traditional PU
setting as a part of VAE-PU-Bayes model. The latter half of the chapter focuses on the practical
experiments, combining d.V rule with preexisting PU models. We start off by showing the
substantial improvements of VP-B over the VAE-PU+OCC baseline for traditional PU tasks. In
augmented PU prediction setting, we identify VP-B4+S model as the most promising among the
newly constructed methods. By comparing it with its naive counterpart, VP-B, we show that
using dg U rule systematically improves accuracy on the test dataset. However, results for the
two Prophet methods (which use perfect knowledge of y(x) and s(x)), as well as semi-Prophets
(utilizing the perfect knowledge of only one of those variables) indicate that those improvements

could be potentially be significantly larger, especially for the high label frequencies.



Chapter 7

Label shift for augmented PU data

7.1 Introduction

In this chapter we consider another departure from a classic Positive-Unlabled classification
model which frequently occurs in practice and need to be accounted for — the distribution of
data on which classifiers are trained may differ from the distribution of data to be classified, in
particular a value of prior probability may change. Here, we propose modeling scenario which
incorporates these nonstandard data features and show how to construct optimal classifiers in
this case. We will focus on the label shift problem in the context of the augmented PU learning
problem introduced in the previous chapter. We will show that a similar approach based on
the d}V decision rule with a modified threshold can be used to improve the performance of PU

classifiers in the presence of label shift.

We first introduce basic notations for label shift problem. As in a standard problem, X
be a random variable corresponding to feature vector, Y € {—1,1} be a true class label and
S € {0,1} an indicator of an example being labeled (S = 1) or not (S = 0). We use the standard
single-sample PU assumption, meaning that there is some unknown probability distribution Pyy¢
such that only positive examples (Y = 1) can be labeled, i.e. P(S = 1|X,Y = —1) = 0. Moreovet,
we consider the second vector (X,Y) such that its distribution Pgy is label-shifted distribution

of P,,, which means that marginal distribution of Y is different from that of Y i.e.
T:=P(Y=1)#P(Y =1)=: 7, (7.1)

however we assume distributions in a positive and negative class (i.e. conditional distributions

of predictors given class indicator) are the same for both distributions:
Pgig—i = Pxjy=i> i ==+l1. (7.2)

119
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Although the proposed method is applicable also in the case T = m, in order to streamline the
presentation, we assume . Note that X and X correspond to the vectors of variables defined
in the same way, which, have however different distributions in the image space, the same
convention refers to Y and Y. Since P, = TPyy—1 + (1 — m)Pyy—_; and analogous expression
holds for Py, marginal distributions of X and X , in contrast to conditional distributions, also
differ: Py # Pg. This can correspond e.g. to the same population characteristics in two different
countries.

Such situation occurs frequently in practice. Consider e.g. the anti-causal case when X
denotes symptoms of a certain disease and Y = 1 when it occurs. Then when prevalence of
disease changes but characteristics of the symptoms of disease do not, this corresponds to label
shift scenario. We assume that the second vector is not fully observable either, in the sense that,
as in the case of the first vector, only positive class labels are only partially available, and denote
labeling variable by S in this case.

Such a scenario corresponds to practical situations — for an example, let us recall the hy-
pertension example from Chapter [l People who check their blood pressure regularly and
if its abnormal, report this to a doctor and are treated. Remaining group consists of people
who are healthy and those who have hypertension but do not contact a doctor. Having such
augmented data for two consecutive periods of time, we introduce a label shift factor — for
example, we would like to detect those in the second group who suffer from hypertension, but
allowing for a possible change of its prevalence in the population considered. Note that this
scenario is applicable in many other cases like COVID-19 detection based on certain number of
symptoms (coughing, difficulty of breathing) and patient’s characteristics, without the necessity
of performing COVID-19 test. Types of label shift in these examples might vary too, allowing for
a shift in time, tested populations, or geographical regions.

As in the previous chapters, we consider a realistic no-SCAR setting where labeling mechanism
may be object dependent i.e. selection bias occurs. In the following, we assume that the labeling
which censors positive observations acts in the same manner in the first and in the second case,
namely

e(x):=P(S=1Y=1,X=x)

~ ~ ~ (7.3)
=P(S=1Y =1,X =x)=:e(x)

i.e. that propensity scores e(x) and e(x) are the same and they will be denoted by e(x) henceforth.
Note that as Pyy¢ is characterized by marginal distribution P, and conditional distributions
Pyy and Pgyy, the probabilistic structures of Pyys and Pgyg are uniquely determined by the
assumptions above. We also define posterior probabilities of Y = 1 given X = x as y(x) =
P(Y =1|X =x) and 5(x) = P(S = 1]X = x), analogously to y(x) and s(x) used in the standard
problem. We denote by f either a density of X or its probability mass function and the same

convention applies to fys—;.
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Note that it follows from Lemma [2.1] that
s(x) =e(x)y(x). (7.4)

Assume that 2 = (X,,Y;,S;),i = 1,...,n is an iid sample drawn from distribution Py, and
9 = (Xi,ﬁ,gi),i = 1,...,m is iid sample drawn from distribution Pgzyz independently of 2.
Observed data consists of (X;,S;),i =1,...,n and (Xi,gi),i =1,...,m, thus in both cases only
partial information on labels is available. Our aim is to construct a classification rule and predict
class indicator ¥ = =1 for observations in 9. Note that since S; = 1 = Y, = 1, just like in
the augmented case with no shift, the task reduces to classification of unlabeled observations
(S;=0) in 2.

We stress that under the standard label shift probability scenario, one observes examples
(X;,Y;),i=1,...,nand )?i,i =1,...,m and the task is to predict class indicators for the second
set for which the prior is shifted and for which class indicators are missing. For representative
examples of methods designed for such scenario we refer to Saerens, Latinne, and Decaestecker
(2002), Lipton, Wang, and Smola (2018) and Garg et al. (2020), see also Iyer, Nath, and
Sarawagi (2014), Vaz, Izbicki, and Stern (2019), Ye et al. (2024) and references therein. We
note that estimation of shifted prior probability (quantification task) is of importance in business
applications (cf e.g. Gonzdlez et al. (2017)). We consider the label shift in the augmented PU
scenario introduced in Chapter|[6] To the best of our knowledge, despite its practical importance,
label shift for augmented PU data has not been analyzed in the literature. The main contributions
of this chapter are: (i) we construct a model for PU data which takes into account selection bias
and potential label shift of target data; (ii) we establish properties of probabilistic structure of
main entities in the constructed model and a form of Bayes classifier for unlabeled observations in
target data; (iii) we consider empirical counterparts of the Bayes rule using different estimators

of prior probability for target data and compare their behaviour on real data sets.

7.2 Main theoretical results

Below we present some basic facts concerning the label-shift augmented PU model (Section
7.2.1) and form of the Bayes classifiers under this scenario (Section|7.2.2)).

7.2.1 General results

Lemma |[7.1| below describes the basic facts on interplay between Py, and Pgys, which will be
useful for construction of classification rule based on (X, S). In particular, we prove in part
that distribution Pgy5_, is label-shifted distribution of Pyys_o. Denote by c = P(S = 1|Y = 1)
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and € = P(S = 1|Y = 1) overall conditional probabilities of being labeled for the first and
second set, respectively. Moreover, define odds of positive class occurring for the first set as
OD(x)=P(Y =1|x)/P(Y = —1|x) with OD(x) defined analogously for the second set. Odds
Ratio OR(x) equals OR(x) = OD(x)/OD(x).

Lemma 7.1. The following equalities hold:
(i) c=c,

(i) Assume that T # m. Then distribution Pgy5_ is label shifted distribution of Pxys—o. Namely,

we have L
~ ~ T—CT
P(Y =1|S=0)= o
1—cm
T—CT
#P(Y =1|S=0)=
1—cm
and

f)?|?=1,§=o(x) = fX|Y=1,S=O(x):

f;’f|17=—1,§:o(x) = fX|Y:—1,S=o(X)-

(iii) fX|S=1(x) = f)?|§=1(x),

(iv) OD(x)=- = OD(x)=E = OR(x) = 2= x 2,

T 1 T

Property [(iv)]is a standard result for label shift, see e.g. Elkan (2001)). For completeness, we
give its proof below.

Proof. (i) Note that
c= f P(S=1lY = 1,X = x)fxjy=1(x)dx
= EXlel e(X)= E}?ﬂ?:l e()?) =,

where the first equality follows from definitions of ¢ and e(x), the second from assumed

equality of distributions within classes, and the last one from equality e(x) = e(x).

(ii) To prove the first part, note that P(§ = 0) = 1—c7, which yields expressions for conditional
probabilities. Moreover, inequality of the conditional probabilities follows from strict
monotonicity of the function f(a) = a/(1 —ca) for a € (0, 1).
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For the second part, note that

fX|Y=1,S=O(x)

_P(Y=1,X=x)P(S=0]Y =1,X =x)

B P(Y=1,5=0)

. fX|Y:1(x)7T(1 —e(x)) . fX|Y:1(x)7T(1 —e(x))
 P(y=1,8S=0) m—mc

= leY:l(x)(l —e(x))(1—c)"

As analogous formula holds for fzy_; 5-o(x), in view of (7.3), fyjy=1 = fzj7=; and ¢ =¢,
the first part is proved. The second is even more straightforward as

fX|Y:—1,s:o(x) = fX|Y:—1(X)

= fj(|17:_1(x) = f)?|?:—1,§=o(x)-

(iii) Note that in view of Lemma [2.1] we have

f (x) = s(x) fx(x) . y(x)e(x)fyx(x)
SN TCESV RN ICES)
_P(Y=1,X=x) y e(x)fy ()
A PGS =1)
me(x)

= fx|y:1(x)m-

Replacing in the last expression fxy_;(x) by fg7-,(x) and repeating the above line of

argument backwards we obtain
T P(S=1)
P(s=1) =

= ff|§:1(x) xc/c= f§|§:1(x):

fX|s=1(X) = f;’(‘|§=1(x)

where the last equality follows from (i).

(iv) Reasoning as before, we note that

]c)?|17=1(’c)7"E _ y()fx()m/m
fz(x) fz(x)

y(x) =

and

1=y fx()(1—7)/(1—m)
fz(x) '

Dividing the expression above yields the conclusion.

1-5(x) =
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]

Remark 7.2. (i) We note that important equality in Lemma can be intuitively justified
by noting that labeled (S = 1) observation X = x is picked from the strata Y = 1 described
by distribution fxy_; with probability e(x). As in the case of label-shifted distribution,
distributions of positive class and labeling mechanism are the same as for Pyys, the conclusion

follows.

(ii) Note that Lemma implies, as we have ¢ =P(S = 1)/P(Y = 1), that if 7T > 7 then
P(S =1) > P(S = 1) and vice versa. Moreover, proportion of positives to negatives equals
1t(1—c)/(1—m) for unlabeled population S = 0 and f(1—c)/(1—7) for S = 0 (see Lemma.

(iii) The ratio % I_T“ appearing in Lemma can be interpreted in term of dataset
imbalance. Namely, note that a ratio of the form I1(2) = = is a measure of imbalance of
the dataset — values close to 1 indicate a balanced dataset, whereas very big (small) values
indicate a large proportion of positive (negative) examples, respectively. Thus, the ratio

1)

£ x 1—77: can be interpreted as an imbalance ratio IR between the two datasets: IR = 773.

1-7

We also note that the stronger property than Lemma holds, namely for any Borel set
A P(S=1|Y =1,X €A) = P(S = 1|Y = 1,X € A). Moreover, note that no label-shift situation
T = 7 is equivalent in the view of Lemma to P(S = 1) = P(S = 1) which can be routinely
tested using difference of two binomial proportion test (this does not require knowledge of prior
).

In the following, as before, we assume that the prior probability 7 = P(Y = 1) is known.
This is reasonable assumption when Y = 1 corresponds to disease and its prevalence can be
estimated with arbitrary accuracy. We note in passing that in this case distribution of negative
examples Pyy_o = (1 — )t (PX — nPX|Y:1) is identifiable although no set pertaining to it is
available. Denote y = P(S =1) and ¥ = P(S = 1). Then Lemma can be rewritten as

_ _P(S=1)
= — X , 75
"Ths=1n"" 72
thus yielding plug-in estimator of 7:
F=lig>o0)xn
re (7.6)
#{:S;,=1)/m___
= — I{y > 0} x m.
#({:S;=1)/n

The Lemmabelow lists the basic properties of 7. Fora proof, refer to the full paper (Mielniczuk
and Wawrzenczyk 2025a)).
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Lemma 7.3. (i) We have for any 6 > 0 that with probability at least 1 — O

<1 (3v/710g(3) + /7 108 (3)) 7.7)

1/2

N)

and thus the rate of almost sure convergence of T to T is min(n, m)~

(ii) We have, with y = P(§ =1)

ER=FE(7'1{7>0}) x n = ﬁ(1+ﬁ(%)).

7.2.2 Bayes classification rules for label-shift augmented PU data

Let n(x)=P(Y =1|S=0,X =x) and 7j(x) =P(Y =1|S = 0,X = x). In Chapter@ Bayes
classification function d}”(x) = n(x)/(1—n(x)) based on (X, S) was considered on strata S = 0.
It follows that the corresponding Bayes rule has the following form: the observation is classified
to the positive class, if the condition (see (6.8))

nG)  _ y)—sx)
1—mn(x) 1—y(x)

dr¥(x) = >1 (7.8)

is satisfied, and to the negative class in the opposite case. Here we show that in the label shift

case the rule is modified by changing the threshold of the d}Y(x).

Theorem 7.4. (i) The Bayes rule for (X,S) = (x,0) has the following form. Classify (x,0) to
class Y =1 if the condition

T 1—7
dPV(x)> —— ——
p (9 1—m 7
P(s=1) _ _ (7.9)
6=y " m—nR _.0
1—m T—nm

T—T17T

is satisfied, or formulating the rule equivalently, y(x) > (0 +s(x))/(1+60) = =% —.

(ii) The Bayes risk of gf; U equals
P(S = 0) Egjg_o min (7j(X), 1 - (X))
1~ 1 s
= EP(s =0)— 5 Bt 127(X) —1].

Note that if no label shift occurs, then in Eq. (7.9) the threshold 6 = 1, thus the result
generalizes Theorem in Chapter[f]
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Proof. (i) Let Zzg Y(x) =1(x)/(1 —7(x)) be a Bayes classification function corresponding to
7(x). The pertaining Bayes rule has the following form

n(x) P(Y=1S=0,X =x)
1-7(x)  P(Y=-1S=0,% = x)
_ P(Y=1,5=0,X =x)

C P(Y=-1,5=0,X = x)

_ fz(x) y y(x)—50) _ y(o)(A —e(x))
fz(x)  1-Yy(x) 1-Yy(x)

Cy()A—e(x))1—m 7w

 1—y(x) n 1—-7

1<

where the last equality follows from Lemma This is, using Lemma |[7.1]|(i)}, equiva-
lent to the following event

y(x)—s(x) ml—m
> =
1—y(x) Tl—m
_P(S=1)(1—nrP(S=1)/P(S=1))
CP(S=1) l1—n

- P(s=1)
_P(S=1)—nP(S=1) Gy "

P(S=1)(1—n) 1-n

Alternatively, using Lemma|7.1 we have:

1—m

OD(x) = OD(x) % =: OD(x)y

Y

Using this, we can reason as follows to obtain the threshold:

OD(x)>1 =0D(x)y > 1

y(x)
Yp—r > ]
1—y(x)
Yy(x)>1—y(x)
1 1 1 T—TT
Y(X)>1+¢:1 -1 % _1 ﬁ—nﬁ:n—nﬁ+ﬁ—nﬁ:ﬂ-+ﬁ_2ﬂ;ﬁ'
+TTE + n—nT T—1T

(ii) Proof follows from Theorem [6.1]in Chapter [6]
[

Theorem [7.4{(1)| can be explained in the following way. As Pgs_, is label shifted distribution
of Pys— and decisions on S = 1 and and S =1 are error-free, the Bayes rule for the target
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population is Bayes rule for the source with changed threshold. The Bayes rule in question is
dfY(x), and the modified threshold for label shifted population is in this case (see e.g. Elkan
(2001)): ~ ~
P(y=18=0) P(¥=-115=0) = 1-7
P(Y=-1S=0) p¥=15=0) 1-n =
where the last equality follows from Lemma This coincides with (7.9). Note that,
surprisingly at the first sight, the threshold does not depend on c. This is due to the fact that the

5

imbalance ratio for the target and training set equal (77/(1 —7))/(n/(1 — m)) is the same as
imbalance ratio for their corresponding unlabeled subsets (see Remark (iD).

Note that if T > 7 then the rule becomes less conservative than in the no-label-shift case.
Moreover, it follows from the proof above that the Bayes rule which (erroneously) does not take
into account the label shift will classify to positive class if

y)=stx) . _ Yo)=slx) m 1-7

~

1—y(x) o 1=-y(x) 1-7 =

Rule in (7.9) yields its empirical analogue for label-shift case: classify as positive (Y = 1) when

Ny m
FE)=5) w7
1—y(x) 1—7

) (7.10)

where Ny, M, are sizes of labeled sets in 2 and 9, respectively and y(x), S(x) are estimators of

y(x) and s(x) discussed below.

7.3 Experiments

7.3.1 Datasets

To estimate the performance of the label shift methods, we based our experiments on several
datasets with varying characteristics, described in detail in Appendix [E| (we keep the naming
convention from the previous chapter). We used several settings for the label frequency: c €
{0.1,0.3,0.5,0.7,0.9}.

We simulate label shift phenomenon as follows. In our experiments, we assume several 7t
values (77 € {0.1,0.3,0.5,0.7,0.9}, as well as the original dataset, corresponding to 7 = 7). At
test time we obtain label shifted dataset:

* 7 > . In order to increase the prior in the test dataset, we drop a portion of negative
examples. We randomly sample % X #(Yiese = 1) < #(Yiee = —1) negative examples. As
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the ratio of positives to negatives is now approximately nrt/[n7(1 —7T)/7)], we obtain a

label shifted example with prior 7.

* 7 < 7r. Symmetric case. We decrease the proportion of positive examples to 7T by sampling
= X # (Ve = —1) < #(V,, = 1) positives.

* 71 = . We preserve the original test dataset.

7.3.2 Baseline models

VAE-PU-Bayes (abbreviated to VP-B) introduced in Chapter [6| was selected as a state-of-the-art
PU method working under SAR assumption. Estimation of s(x) is performed using a simple feed
forward Neural Network (NN).

7.3.3 T estimation

We start by considering estimators of 7 which will be then incorporated into proposed classifiers.
The first estimator is 7 defined in and is called the Direct estimator of 7 in the following.
Alternatively, one can apply classical EM algorithm, cf Saerens, Latinne, and Decaestecker
(2002)), to estimate labeled-shifted prior probability 7 in this setting. For this aim y(x) (which
in classical case is estimated by e.g. NN based on fully observable set (X;,Y;),i =1,...,n) is
estimated here by one of the PU estimators of posterior probability under selection bias. For
this purpose, we use Variational PU-Bayes classifier VP-B (see Section [6.3), but other variational
classifiers designed for this framework (see Na et al. (2020) and Wawrzenczyk and Mielniczuk
(2023a)) can be used as well. Note that as 7 it is assumed known, it replaces in the original
algorithm fraction of positive observation in the dataset, which is not available. The resulting
EM estimator is denoted by %EM. We note that due to the use of the EM algorithm this approach

is more computationally expensive than the Direct estimator.

7.3.4 Empirical Bayes rules classifiers

We define several classifiers based derivations in Section In our experiments, we aimed to
evaluate the proposed methods and choose the one most adequate to handle the biased label
shift PU problems.

CLS estimator This is an empirical analogue of Bayes rule defined in (7.10) with 7 defined in
(7.6). We use VP-B to estimate y(x) and a separate NN to estimate s(x). The proposal is named
Cut-off Label Shift (CLS) estimator.
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CLS-EM estimator The estimator is defined similarly to CLS, the only difference being that
threshold is changed from 7 to fﬁ\EM.

ALS estimator We note that due to Lemma and ((7.4) we have

F(x) = % < (). 7.11)

Plugging-in this expression in expression for the classification function c~l§ Y(x) we obtain (cf

@.8))

yo-i0 | _ (-1
1-5(x) o 1-y(x)

This gives rise to the competing empirical Bayes rules: estimate y(x) and s(x) based on 2 and
$based on D and apply the formula above with plugged in estimators to construct empirical
Bayes rule. We use VP-B to estimate y(x) and separate NNs to estimate s(x) and s(x). We note
that in contrast to the classifiers introduced above one needs to estimate posterior s(x). We call
this estimator Augmented Label Shift (ALS) estimator.

7.3.5 General experiment settings

For each experimental setting (i.e. a combination of dataset, label frequency c, target label shift
prior 7 and label shift estimator), we performed 10 experiments, each initialized with a different
random seed (equal to experiment number). Data was split between train and test following
70-30 split. Because prediction for labeled examples is trivial in this setting (as S = 1 implies
Y = 1), instead of using traditional metrics, as in Chapter@ we consider a set of U-metrics,
calculated based only on unlabeled stratum of test set, which eliminates trivial prediction impact
and puts focus on the classifier performance on the key test subset. All method and experiment
code is available in a public GitHub repositoryﬂ

7.4 Results of experiments

Table|7.1|and Figure|7.1| contrast the 7T estimation performance of the Direct and EM estimators.
Both achieve generally good results, and in both cases, their quality increases as label frequency
rises. This is especially apparent for Direct estimator and due to the fact that for low c values the
number of labeled examples is low, and thus estimation of P(S = 1) in the denominator of
becomes sensitive to small deviations. Also, this is consistent with form of the bound in (7.7)),

"https://github.com/wawrzenczyka/VAE-PU-label-shift
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Table 7.1: MSE of Direct and EM estimators of 77 (mean over all datasets)

c 0.1 0.3 0.5 0.7 0.9
Estimator | Direct EM | Direct EM | Direct EM | Direct EM | Direct EM
T

0.1 0.024 0.195 | 0.013 0.159 | 0.007 0.150 | 0.006 0.140 | 0.003 0.130
0.3 0.035 0.121 | 0.023 0.092 | 0.013 0.088 | 0.010 0.081 | 0.005 0.075
0.5 0.039 0.054 | 0.025 0.029 | 0.015 0.029 | 0.012 0.025 | 0.005 0.022
0.7 0.052 0.053 | 0.028 0.049 | 0.018 0.042 | 0.014 0.040 | 0.006 0.040
0.9 0.066 0.117 | 0.036 0.114 | 0.024 0.103 | 0.017 0.097 | 0.007 0.095
No shift 0.034 0.054 | 0.019 0.029 | 0.012 0.028 | 0.009 0.025 | 0.004 0.021

Meanerror|0.042 0.099 | 0.024 0.079 | 0.015 0.073 | 0.011 0.068 | 0.005 0.064

CDC-Diabetes CIFAR CT CIFAR VA

0.3

0.2

Error

0.1

o——s5—0

0.0 e——e—*—° x
MNIST 3v5 MNIST OVE STL VA

0.3

0.2

Error

0.1

00 * o ; -

—e— Direct estimator EM estimator

Figure 7.1: 7 estimation errors (MSE) comparison (averaged over all label frequencies)

Table 7.2: U-Balanced accuracy ranks

Estimator CDC- CIFARCT CIFAR VA MNIST MNIST STL VA Mean Rank
Diabetes 3v5 OvVE

ALS 2.29 2.64 2.74 2.72 2.73 2.76 2.65

CLS 1.68 1.61 1.66 1.48 1.37 1.49 1.55

CLS-EM 2.03 1.75 1.60 1.80 1.89 1.75 1.80
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Figure 7.2: U-Balanced accuracy in label shift scenario for each estimator
Table 7.3: U-Balanced accuracy difference from best estimator
Estimator CDC- CIFARCT  CIFAR VA MNIST MNIST STL VA Mean
Diabetes 3v5 OvVE Difference
ALS 0.059 0.086 0.089 0.156 0.197 0.142 0.122
CLS 0.027 0.010 0.011 0.015 0.010 0.010 0.014

CLS-EM 0.034 0.018 0.021 0.033 0.024 0.030 0.027
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where ¢ appears in the denominator of the bound. As evident in Figure with the exception
of CDC-Diabetes dataset, the Direct estimator also tends to perform better for lower shift priors,
with EM outperforming Direct estimator for the higher prior values. Both this property and the
significant variability of results are heavily impacted by the low label frequency performance
of both estimators: compare MSEs of both estimators for c = 0.1 and ¢ = 0.9 in Table An
important thing to note is that using the EM estimator is associated with the additional cost
of the iterative EM procedure - it increases the computational complexity of the estimation,

making it significantly slower compared to the Direct method.

Figure[7.2| compares the performance of the three estimators proposed in Section[7.3.4] It
is evident that the ALS estimator lags behind the other two methods in terms of U-Balanced
accuracy. This is likely to be related to its more complex formulation, requiring training of two
additional models for the estimation of both s(x) and s(x). CLS and CLS-EM are significantly
more comparable in performance. To help differentiate between them, we report average rank
in Table|7.2} as well as the difference of accuracy between the method and the best classifier in
Table Both metrics are averaged over all label frequencies and label shift priors. According to
both metrics, CLS outperforms the competitor, with a mean rank of around 1.5 and approximately
two times smaller difference from the best estimator. CLS estimator is more consistent over
the performed experiments and various datasets, but CLS-EM also has evident benefits in some
cases - it often slightly edges out the CLS estimator for high label frequencies. We note also
consistently better performance of CLS for T = 0.9 (the fifth row of Figure[7.2)). For the case of
no shift (7 = m, the last row of Figure their performance is strikingly similar, with slight
superiority of CLS-EM for ¢ > 0.7 in the case of CIFAR VA and STL VA.

Table |7.4{ shows the maximum standard error of the mean U-Balanced accuracy for each
estimator, when the maximum is taken over c. The reported errors are small when compared to
U-balanced accuracy, which indicates that the results are stable and reliable. The highest standard
error is observed for the ALS estimator, which matches the results presented in Figure — the

CLS and CLS-EM estimators show more consistent performance.

Using MNIST 3v5 as an example, we analyzed how different labeling biases affect the
performance of the estimators. While creating the dataset as described in the Section|7.3.1}
instead of labeling the most bold examples, we sampled the examples without replacement
with step weights. The "standard" labeling reported before corresponds to 0-1 step weight: the
boldest n; examples are sampled with weight 1, while the remaining have their weights set to 0.
Similarly, 0.5-0.5 step corresponds to the SCAR scenario, as both the top n; examples and the
remaining ones are sampled with equal weight of 0.5. The results are presented in Table We
observe that the performance of the estimators is consistent across different labeling biases, with

performance generally improving as the datasets get closer to the SCAR scenario (except for the
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Table 7.4: Maximum standard error of the mean U-Balanced accuracy for each estimator

Estimator | Dataset | No shift | =01 =03 ®=05 7®=0.7 7#=0.9
CDC-Diabetes | 0.011 0.009 0.014 0.010 0.006 0.016
CIFAR CT 0.027 0.025 0.032 0.008 0.010 0.014

ALS CIFAR VA 0.017 0.017 0.016 0.016 0.016 0.019

MNIST 3v5 0.025 0.024 0.016 0.022 0.020 0.024
MNIST OvE 0.024 0.023 0.027 0.022 0.017 0.025

STL VA 0.029 0.031 0.014 0.014 0.015 0.016
CDC-Diabetes | 0.011 0.007 0.009 0.008 0.010 0.006
CIFAR CT 0.028 0.013 0.006 0.005 0.008 0.007
CLS CIFAR VA 0.007 0.006 0.005 0.006 0.009 0.003
MNIST 3v5 0.027 0.025 0.012 0.016 0.019 0.013
MNIST OvE 0.021 0.013 0.012 0.012 0.013 0.012
STL VA 0.018 0.011 0.006 0.009 0.014 0.009
CDC-Diabetes | 0.008 0.007 0.007 0.006 0.006 0.007
CIFAR CT 0.013 0.008 0.006 0.007 0.011 0.005
CLS-EM CIFAR VA 0.004 0.005 0.003 0.005 0.007 0.003

MNIST 3v5 0.025 0.017 0.015 0.013 0.017 0.012
MNIST OvE 0.021 0.016 0.013 0.009 0.006 0.013
STL VA 0.021 0.018 0.007 0.009 0.013 0.007

Table 7.5: Mean U-Balanced accuracy for MNIST 3v5 with various step probabilities and shift
priors, averaged by label frequency

Estimator | Step size | No shift | 7=0.1 =03 7w=0.5 =07 w7=0.9
0-1 0.701 0.629 0.666 0.684 0.717 0.696
ALS (standard)
0.1-0.9 0.717 0.576 0.585 0.568 0.739 0.716
0.3-0.7 0.747 0.583 0.576 0.555 0.781 0.745
0.5-0.5 0.760 0.577 0.587 0.551 0.775 0.745
(SCAR)
0-1 0.837 0.815 0.853 0.841 0.819 0.772
CLS (standard)
0.1-0.9 0.889 0.867 0.898 0.885 0.878 0.855
0.3-0.7 0.913 0.908 0.920 0.909 0.902 0.890
0.5-0.5 0.919 0.918 0.930 0.916 0.914 0.909
(SCAR)
0-1 0.822 0.836 0.850 0.828 0.787 0.704
(standard)
CLS-EM 0.1-0.9 0.865 0.894 0.906 0.872 0.817 0.720
0.3-0.7 0.890 0.933 0.926 0.896 0.850 0.759
0.5-0.5 0.900 0.940 0.931 0.905 0.865 0.784
(SCAR)
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select cases of the ALS estimator), which is obviously the easiest task to solve. This illustrates

the robustness of the estimators to different labeling biases regardless of the shift prior.

7.5 Summary

In this chapter, we discuss the issue of label shift phenomenon in the context of augmented
PU data. In the general result section, we investigated probabilistic structure of label-shifted
augmented PU data, proving that the label shift for general populations carries over to their
unlabeled subpopulations. Moreover, we constructed the correct Bayesian rule for the label-
shifted set showing that it is Bayes classifier for the augmented PU data with appropriately
modified threshold. Our findings led us to propose three potential classifiers built upon the
state-of-the-art VAE-PU-Bayes method: ALS, CLS and CLS-EM. As an intermediate step, we also
consider the problem of 7 estimation, which is a key component of the proposed classifiers; we
propose the Direct and EM estimators in order to solve this problem. In the experiment section,
we show that both the Direct and EM estimators perform well in terms of 7T estimation. We also
conclude that the CLS estimator generally outperforms the competing methods, and CLS-EM is

a viable alternative in high label frequency scenarios.



Chapter 8

Summary

8.1 Research contributions

The thesis addresses fundamental challenges in Positive-Unlabeled (PU) learning, where only
some positive examples are labeled while all negative examples remain unlabeled. The research
advances PU learning methods in the complex no-SCAR scenario, where labeling depends
on features, making classification significantly more challenging than under traditional SCAR

assumptions.

Scenario compatibility and foundational issues. The first contribution addresses a critical
gap in PU learning methodology by formally analyzing the compatibility between single sample
(SS) and case control (CC) scenarios. Through Proposition the thesis proves that these
scenarios are fundamentally incompatible — cross-scenario application of methods is only valid
under highly restrictive conditions that never hold in practice. This theoretical result explains
widespread confusion in the literature where researchers mistakenly apply methods across
scenarios. The practical contribution includes developing scenario-aware variants such as
nnPUygg, requiring minimal code changes but providing substantial performance improvements
up to 20 percentage points while dramatically reducing overfitting. This work establishes proper
protocols for method development and evaluation in PU learning in the context of varying

scenarios.

Generative approaches to no-SCAR PU learning. The thesis advances no-SCAR PU learning
through variational autoencoders, introducing VAE-PU+OCC as a significant improvement over
the baseline VAE-PU method. The key innovation replaces VAE-PU’s problematic use of generated
examples directly in risk estimation with a one-class classification approach that identifies true
positive-unlabeled examples within the original unlabeled dataset. This eliminates the need for

risk truncation while ensuring theoretical non-negativity conditions hold naturally. Through

135
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comprehensive experiments across diverse datasets, VAE-PU+OCC consistently outperforms
competing methods, including SAR-EM and LBE, and achieving improvements up to 20 per-
centage points while providing improved precision-recall balance and reduced training times.
The approach demonstrates how generative models can effectively handle the fundamental

distributional mismatch in no-SCAR scenarios.

False Omission Rate control in outlier detection. The thesis introduces the first empirical
procedure for False Omission Rate (FOR) control in outlier detection scenarios, addressing
applications where controlling the proportion of undetected outliers among observations classi-
fied as inliers is critical. The theoretical contribution establishes the mathematical foundation
for FOR control through theorems proving that FOR and Bayesian FOR are approximately
equivalent for large datasets, with guaranteed existence and uniqueness of optimal thresholds
under specified conditions. The practical innovation develops an empirical rule analogous to the
Benjamini-Hochberg procedure, but designed for FOR rather than FDR control. Experiments
across 30 diverse datasets show the method successfully controls FOR when high-quality outlier
scores are available, with effectiveness roughly correlated to the skewness difference between
outlier and inlier p-value distributions. Integration into the VAE-PU framework as VAE-PU+FOR
demonstrates the method’s broader applicability, though it reveals sensitivity to outlier score

quality.

Augmented PU learning framework. The thesis identifies and formalizes augmented PU
learning, where labeling status is available at prediction time — a previously unexplored but
practically important scenario. The theoretical contribution develops the optimal Bayesian deci-
sion rule dl}; U requiring y(x) > 1+ST(X) for positive classification on unlabeled examples, proving
this rule is more conservative than standard Bayes classification. The practical contribution,
VAE-PU-Bayes, represents the thesis’s most significant methodological advancement, applying
the dg U rule within the VAE-PU framework and achieving superior performance after identifying
an augmented subproblem in standard PU task. Comprehensive experiments show VAE-PU-Bayes
consistently outperforms existing VAE-PU variants by up to 5 percentage points in traditional
PU settings, while achieving systematic improvements in augmented scenarios. This establishes
a new PU learning paradigm with mathematical foundations for understanding when labeling

information should influence classification decisions.

Label shift in augmented PU data. The thesis addresses label shift in augmented PU learning,
where class prior probability differs between training and test datasets while maintaining
identical conditional distributions within classes. The theoretical contribution establishes through

mathematical analysis that label shift in general populations carries over to their unlabeled
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subpopulations, and demonstrates that the optimal Bayesian decision rule requires only a
modified threshold 6 = ﬁ% rather than the standard threshold of 1. The practical innovation
develops three empirical classifiers (ALS, CLS, CLS-EM) incorporating label shift correction into

the VAE-PU-Bayes framework, along with Direct and EM estimators for the shifted prior based on
P(5=1)
P(5=1)

shift scenarios show the CLS estimator consistently outperforms alternatives, demonstrating

the relationship 7 = x 1t. Experiments across synthetic and real-world datasets with varying
robustness across different labeling biases. This establishes a mathematical framework for
understanding how distribution shifts affect partially labeled data and provides practical tools

for detecting and correcting label shift for augmented PU data.

Thesis importance and impact. This research makes significant contributions to both the
theoretical foundations and practical applications of PU learning. The work addresses critical
gaps in the field by establishing theoretical results about scenario compatibility, developing novel
generative approaches for biased labeling, introducing new frameworks for quality control and
augmented prediction scenarios, and providing solutions for distribution shift challenges. The
proposed methods consistently demonstrate substantial empirical improvements across diverse
datasets and evaluation metrics, with significant performance gains over existing competing
approaches. Most notably, VAE-PU-Bayes emerges as the strongest and most versatile method
developed in this thesis, consistently delivering superior performance across all experimental
settings and establishing new performance benchmarks for single sample no-SCAR PU learning.
Beyond algorithmic contributions, the thesis establishes new research paradigms that extend
the applicability of PU learning to previously unexplored scenarios, provides mathematical
frameworks for understanding complex relationships in partially labeled data, and offers practical
tools that are applicable to real-world problems in domains such as medical diagnosis, fraud
detection, and recommendation systems. The comprehensive experimental validation across
synthetic and real-world datasets, combined with rigorous theoretical analysis, positions this
work to significantly influence future research directions in PU learning and related areas of

machine learning with incomplete supervision.

8.2 Future research avenues

Several promising directions emerge from this research, spanning both foundational theoretical
work and practical algorithmic improvements. To begin with, the scenario compatibility analysis
could be extended to more types of methods and different data characteristics, with particular
focus on identifying which case control methods can be easily adapted to single sample settings.

Understanding the fundamental differences between these scenarios more deeply could help
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researchers avoid common pitfalls and develop more robust methods that work across different
data collection paradigms.

A fundamental challenge across all VAE-PU-based methods lies in accurately identifying the
true positive examples within the unlabeled dataset. While VAE-PU+OCC and VAE-PU-Bayes
represent significant advances, the quality of the generated positive unlabeled set remains a
critical bottleneck. Future research could focus on developing more sophisticated generative
models beyond variational autoencoders, such as GANs or diffusion models. Additionally,
developing hybrid approaches that combine multiple detection strategies could yield more
robust identification of positive unlabeled examples.

In PU learning class imbalance (controlled by ) and labeling intensity (controlled by c
and propensity function e(x)) are often confounded. Understanding how these factors interact
represents an important challenge. Future research might focus on developing frameworks for
systematically studying these effects in isolation. This could reveal whether certain algorithms
are more sensitive to class imbalance versus labeling bias, leading to more targeted algorithm
selection strategies.

Throughout this thesis, the class prior 7 has been assumed known, which is a limitation in
practical applications. Developing robust estimators for 7 specifically within the VAE-PU-Bayes
framework presents unique opportunities. Future research could explore joint estimation of the
class prior alongside posterior probabilities and investigate sensitivity to misspecification of 7.

The FOR control framework would benefit from procedures robust to similar inlier and
outlier distributions, as well as incorporation of class prior estimators such as Storey’s estimator.
The current method’s sensitivity to outlier score quality suggests that developing more robust
procedures could significantly expand its applicability.

The augmented PU learning paradigm, as a new field, presents rich opportunities for further
development. Improving the modeling of y(x) to be more sensitive to corrections via the dg v
rule represents an important challenge. Developing new classifiers that estimate both y(x) and
s(x) directly, similar to LBE but optimized for the augmented setting, could yield significant
advances. The exceptional performance of VAE-PU-Bayes also motivates incorporating the dg v
rule into additional PU learning frameworks beyond the VAE-based approach.

While this thesis addresses label shift in the augmented PU setting, it did not touch upon the
more common scenario of label shift in standard PU learning. Developing methods to detect and
estimate label shift when only (X, S) information is available presents unique challenges, as the
information present in such scenario is more limited — this is evident by low number of papers
considering label shift in no-SCAR case. Additionally, developing more stable label shift prior
estimators and allowing for different propensity scores between training and target datasets

would handle more complex real-world scenarios.
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Appendix A

Empirical ELBO derivation

A.1 VaDE empirical ELBO derivation

To obtain the empirical equivalent of the VaDE ELBO, we will introduce two additional properties.

First, we prove the following for the Kullback-Leibler divergence between Gaussian distributions:

Theorem A.1. Kullback-Leibler divergence between two Gaussian distributions A (u,) and
A (m,S) is given by:

Dy (A (u, 2| A (m, S))

A.l
:%(tr(S—lzl)+(m—M)T5—1(m_M)_k+log det(S)), (A.1)

det(X)

where k is the dimensionality of the distribution.

Using Theorem |A.1|and the fact that Dy, (q(2)||p(z)) = f q(z)log ?% dz = f q(z)logq(z)dz—

fq(z)log p(z)dz, one can obtain the following property of the distributions with diagonal
covariance matrices:

Theorem A.2. Let & = diag(02,03,...,07) and S = diag(6?,57, ...,07), and p,q are densities of
N (u, %) and A (m,S), respectively. Then:

k —2 2
1 o;" (mj—uy)
f q(z)logp(z)dz = —3 Z (log 2710? + U—JZ + 1—2]) . (A.2)

j=1 j O

We will derive the empirical equivalent of the ELBO using the form of ELBO from Equa-
tion (4.22):

Lrpo(X) = Ey; o) | log p(x|z) +1og p(z|c) +log p(c) —log q(z|x) —logq(c|x) (A.3)
(@))] 2) 3) 4) (5)
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We will denote the dimensionality of u., o2, i, and &2 as J.

(1) Eygcn) logp(x|z). As z 1L c|x, we have:

IE:q(z,clx) logp(x |Z) = IEq(clx) IE:q(z|x) logp(x |Z) = IEq(z|x) logp(x |Z) (A4)

Using reparametrization trick, we can rewrite this as:

E,q(zx) 108 P(x|2) = B 40, log p (x|z(€))

and we can replace the expectation with a Monte Carlo estimate with batch of size L:

L
1
Ec-.0.) logp(xlz) & T > Jlogp (x[z(e)) (A.5)
=1

As p(x|z) = A (u,,02I), we can express this as:

=
M-
o

'M*u ﬂ'M*u
=

I
—

LS g (el (<)) = 1 37 S gL ep L)
I = ogp(x|z\€ == 0og zno-)zc €xXp 5 O'JZCi

0 2
1 1 1 — MYy
(—— log2m — =logo? — ——( H 1) ) (A.6)
2 2 X2

2
Ox-

I Mh‘
I

=

L

(plog2n+2(logo + - i (Z)_‘ux)z))

[\JI»—\

(2) Eyi vy logp(z(c). Using the mean field assumption, we can express this as:

K
E (s, l0g p(2]c) = f > a(z,clx)log p(zlc) dz
c=1
= f > q(zlx)qlclx) log plzlc) dz
c=1

K
:ZQ(C|X)JQ(Z|X)1ng(z|c)dz
c=1
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Note that q(z|x) = A (i, 5°I) and p(z|c) = A (1., 0I), which allows us to apply Theo-
rem [A. 2}

Zq(cIX) f q(zx)log p(z|c) dz

o2 ~ )2
_ZQ(C|X) (——Z(logZW:aij-k (;J + (B, éuw) ))

j=1 ¢j O
& =)

=—— clx log2m + lo a + Loy o]
un )(Z g Z( e

J 2 ~ 2

L~ )

=——Jlo 20— — clx lo cr + % + J

g Zq(l )Z( g o7 =3

(3) Ey(cx)logp(c). As p(c) = Cat(c|w) and z 1L c[x, we can express this as:
K
Eq(s.cy log plc) = J > a(z,clx)logm, dz
c=1
K
- f Zq(z|x>q(e|x)logncdz

—Zq(clx)logﬂ Jq(z|x)dz

K
=> qlclx)log,
c=1

(A.7)
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(4) Ey v logq(z]x). First using z 1L c|x, and then applying Theorem with q(z|x) =
N (n, 5%1), we have:

]Eq(z,clx) lOg Q(ZlJC) = ]Eq(clx) ]Eq(zlx) log q(Z |X)
= IEq(zlx) lOg q(zlx)

=fq(ZIX)10gq(ZIX)dZ
J G2 )2
1 Y (; — ;)
=—§Z log2mo + 52 +T (A.8)
R

= —%i (loan +log &7 + 1)

j=1
J

= —%J log2m — % Z (log(’f? + 1)

j=1

(5) Egicix)logq(clx). Reasoning as in point |(3)f
K
Eqg(o.cy log q(clx) = f > a(z,clx)logq(c|x) dz
c=1
K
= q(clx)logg(c|x) f q(zlx) dz (A.9)
c=1

K
= q(clx)logq(clx)
c=1
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Denoting q(c|x) as vy, for simplicity, and putting all the terms above back into the ELBO
Equation (A.3)), we obtain:

K J ~2 ~ 2
1 1 , 05 W)
—=J 271—§Zyc2(logoc’j+02‘+ 2

c,j C,j

c1=1 . ,
+=J 2n+52(log02+1)
j=1
. j
—Zn logy, (A.10)
c=1
2
__1 \ 2 1 \ (xfl)_“xi)
==3 (plOgZTC +; (logaxi + Z; —‘7;2(1.

! o7 (=)
2 J ) C,J]
ZYCZ(IOgOCJ_'_ -2 + o2 )
]:

c,j C,j

which is the same as Equation (4.25) in the main text.

A.2 VAE-PU empirical ELBO components

We will derive the empirical equivalent of the VAE-PU ELBO using the form of ELBO from
Equation (4.31)):

< ELBO(X )

= IEq(hy,hs,clx,s) logp(X|hy, hsz+10gp(hylcz+ logp(slhsz-l_ logp(hs) + logp(c)
) @ @) @ ® (A.11)

—logq(h,|x)—logq(h|x,s)—logq(c|x)
N——— VT —~
6) @) (8)
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The empirical equivalent of the ELBO for VAE-PU model can be derived in a similar way to
VaDE. We will denote the dimensionality of u,, af, t, and 5? as J,, and the dimensionality of
us, 02, i, and G2 as J;, and number of Monte Carlo examples used for reparametrization trick

as L.

X0 2
_‘u'xl
(1) IEq(h},,hs,c|x,s) logp(x|hy2hs) = (p 10g27T + : : (logo. + = z : ) ))

oy by = b))
(2) ]Eq(hy,hs,clx,s)logp(hylc) - ‘] 10g27'C—— Z q(ClJC)Z(lOgO' it )2/] + = 2 . D

ce{o 1} O »J C,Jj

Is

1 1
(3) IEq(hy,hs,cbc,s) 10gp(5|hs) = _EJs 10g27’C - 5 Z (O-sz,j + ‘usz,j)’

j=1

4) IEq(hy,hs,c|x,s) logp(hs) =S 10g,§+ (1 - 5) log(l _N):

(5) Eqen, b clxs)10gP(c) = Z q(c|x)log .,

ce{0,1}

Jy

(6) Eqn, n,clxs)logq(h, |x)———J 10g2n——2(1+logo )

j=1

Js

1 1 ,
(7) IEq(hy,hs,c|x,s) logq(hslx, S) = _E‘Is 10g27‘C - 5 Z (1 + 10g O-s’j)

Jj=1

(8) Eyn, neenlogalclx)= > qlclx)logq(clx).

ce{0,1}
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Plugging all the terms above into the VAE-PU ELBO Equation (A.11]), and denoting g(c|x) as
v, for simplicity, we obtain:

ZELBO(X:S)

L (l)—u )2
(plog27t+2(logoxl+ Z all ))

i O-i] (nu‘y] - ‘u‘cj)z
_M—— Z q(clxz loga 4+ 2 + ’02 ’

ce{0,1} j=1 CJ c,J

_W_ %Z (02, +12))

j=1

[\Jlr—\

+slogs+ (1 —s)log(1—5)

+ Z v logm,

ce{0,1}
J

1 1<
+M+§Z(1+loga )

j=1

Js

+W+%Z(1+logoij) (A.12)
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- Z Yc loch
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38 G )
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+§Z(1+loga;j)

130 onct o i)
+ Z yclog—
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which is the same as Equation (4.32)) in the main text. The maximum of ELBO is achieved when
q(c|x) itself is obtained by the following formula:

p(c)p(hy|c)
2ieony PeIp(hylc)

q(clx) = p(clhy) = (A.13)



Appendix B

Properties of logistic, exponential and

inverse sigmoid losses

B.1 Logistic loss

We consider the logistic loss [;,,(t) = log(1 +e™). It is easy to check that it is monotone and
convex. In this case, the derivative of conditional risk for an arbitrary value of x can be calculated
as follows (note that Ex, = Eyx Ex):

9
—Eyyey e (Y2(X
ag(x) Y|X—X log( g( ))
0 —Yg(x
= 5o B loB (1 674)
9
=——P(Y =1|x)log(1+e#®) + P(Y =—1|x)log (1 + 5™
320 g( ) ( )
— — _p—8(x) - _ g(x)
_P(Y_llx)1+e_g(x)( e )+P(Y 1|x)1+eg(x)e
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To obtain a stationary point g o> We equate the above derivative to 0 and obtain the following:

x 1 x
P(Y=1|x)—— _e_glog(x) + P(Y =—1|x —eglog(x) =0
(¥ =1 ( )+ P( b
P Y = 1 X —e_gl(’g(x) = P Y = —1 X —eglog(x)
( | )1 + e S ( | )1 + e ™)
1 o () . .
p(Y — ]_lx)-*_e—ge_glog(x) — P(Y — _].|X)eg1°g(x)

e_gl*og(x) + 1
P(Y — 1|x)eg1*0g(x)e_g1*og(x) — P(Y — _1|x)egl*0g(x)
P(Y = 1|x) = P(Y = —1|x)e8:™

o) = PO =1[x)
P(Y = —1[x)
P(Y = 1|x)

k :1
81 ) =108 55—

Note that g} g(x) is a nondecreasing function of odds, and the d(x) classification rule based on
follows the Bayesian rule, classifying the example x to positive class if it’s more likely to belong
to it over negative class (P(Y = 1|x) > P(Y = —1]x)), as:

8log(X) =0

P(Y =1|x)
logm =0
P(Y = 1|x)
P(Y =—1|x) =

P(Y =1|x) > P(Y =—1|x)

B.2 Exponential loss

We consider the exponential loss I,,(t) = e™". It is easy to check that it is monotone and convex.
Similarly, zero of the derivative of conditional risk for an arbitrary value of x can be calculated
as follows:

o}
% ]EY|X=X lexp (Yg(X))
0

=—FEyx_,€
dglx) "

= LP(Y =1|x)e 8™ + P(Y = —1|x)es™
2g(x)

=P(Y =1|x)— e ¥™ + P(Y = —1|x)e?™

—Yg(x)
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and the optimal classifier is obtained by solving the equation

P(Y =1|x) —e %) £ P(Y = —1|x)efex() = 0
P(Y = —1|x)efr™ = P(Y = 1|x)e %o

20 = P =)
P(Y =—1|x)
(0= L P(Y =1|x)
Sexp B Py =—1[x)

B.3 Inverse sigmoid loss

We consider the inverse sigmoid loss I,(t) = (14 e~%)"". The derivative of conditional risk for

a specific value of x can be calculated as follows:

G
S Evpxex liny (Y8(X))
dg(0) TS
G
——E 1+e778W)
= g B (1)
=~ 3( P =11) (14e72@) ! £ p(y = —1]x) (1 + €)™
e 8(x) e8™)
= P(Y = 1) + PV = =1 ——
(14 e8() (1 + es()

Equating this to 0 yields the equality

_ —8(x)\?
PO =10 _ gt [ LE€ ) poao (s =1,
P(Y =—1|x) 1+ est)

Thus the stationary point does not exist if P(Y = 1|x) # %, and if the condition holds any g(x)

is a stationary point (which is obvious, as risk function is equal to 1 in this case).
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Appendix C

Example |6.3 - full derivation

Example Let y(x) = ®(x),X ~ A(0,1), and x € R (univariate probit model with standard
normal predictor), and let propensity score e,(x) = I{x > a} i.e. above threshold a € R all positive
observations are labeled. It is easy to check that

oo

P(Y=1)= J P(Y = 11X = x)f (x) dx = J ®(x) ¢ (x) dx

—o0
1
1
:J zdz = —.
0 2

and Bayes risk of dg(x) equals
L*= f min (<I>(x), 1— <I>(x))q5(x) dx

0 o}
= J d(x)p(x) dx +J (1—®(x))p(x) dx = %
—00 0

As s(x) = y(x)I{x > a}, probability of labeling equals

oo

P(S=1) =J P(S=1X=x)f(x)dx = J s(x)p(x) dx

:J P(x)¢p(x) dx = %(1—<I>2(a))
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and P(S§=0) = %(1 + ®2(a)). Moreover, Ly, = Ly (a) equals for a >0
Lzu(a) = ]EX,S=0 min (y(X’ O), 1-— y(Xs 0))

0 a
- { f (x)¢(x) dx + J (1—2())¢ (x) dx}
0

—00

d%(a) 1

2 4

=®(a) -

and analogous calculation for a < 0 yields Ly (a) = d%(a)/2.
Thus the excess risk of dz(x) defined in for a > 0 equals

Ey [min (y(X), 1 —y(X))]
—Ey [ min(¥(X,S),1-57(X,5))]
®*a) 1
2 2

1
=5 — %)+ (®(@)—1)" =0,
and for a < 0 equals %— @ > 0. Note that for a — o0 excess risk tends to 0 as Py s_, approaches
Py in this case and df;U(x, 0) tends to dgz(x). For a — —oo the excess risk tends to 1/4 (risk of
d(x)) as the risk of dfV(x,s) tendto 0 0.



Appendix D

Augmented PU - Balanced accuracy results

Tables through correspond to tables in the main text and present U-balanced
accuracy for all the performed experiments. This is an important metric, as U-metrics introduce
imbalance into the measurements, which might impact accuracy negatively. We can see, however,
that the obtained results are close to results presented in the main text — while VP-B+S does not

have as overwhelming of an advantage, it still clearly is the best method overall.

Table D.1: U-Balanced accuracy values — Method comparison — Synthetic datasets

c Method Synth. 1 Synth. 2 Synth. 3 Synth. SCAR

VP+S 61.29 £2.27 5943 +2.66 60.53+2.30 63.52+1.77
0.02  VP-B+S 61.04 £ 2.33 59.32 £ 2.61 60.40 £2.25 63.33 +£1.73
LBE+S 49.70 £ 0.35 50.01 £0.35 49.93+£0.32  49.69 £0.33
VP+S 67.67 £0.52  66.72+0.60 67.47 £0.61 68.49 + 0.47
0.10  VP-B+S 67.71+ 0.52 66.45+0.54 67.43+0.58 68.26+0.47
LBE+S 50.03 £0.33 50.83 £0.36  50.22+£0.32  49.66 £ 0.37
VP+S 67.49 £0.58 65.39+0.59  66.24 = 0.50 70.33 £ 0.56
0.30 VP-B+S 67.74 £ 0.56 65.61 £0.63 66.35+0.52 70.17 +£0.55
LBE+S 52.86 £0.18 52.88 £0.33 52.68 £0.22  50.00 £ 0.32
VP+S 64.11 £ 0.54 61.68+0.62 63.18+0.67 69.30 £0.43
0.50 VP-B+S 64.09 £0.53  61.65+0.61 63.27 £0.70  69.21 + 0.44
LBE+S 55.57+£0.49 54.62+0.47 54.96+0.50 56.69 + 0.44
VP+S 59.40 £ 0.78 58.33+0.73 58.51+0.65 65.79+0.56
0.70  VP-B+S 59.40 £ 0.79 58.42 +0.69 58.35+0.60 6549+0.71
LBE+S 58.33 £ 0.65 56.61 £0.77 56.60 £0.66 67.87 £ 0.59
VP+S 52.19 £0.57 5248 +0.58 52.33+0.51 59.52 +£0.98
0.90 VP-B+S 52.19+0.55 5241+0.57 5248=+0.60 58.64 +0.85
LBE+S 57.42+0.86 56.47+0.92 54.63 +£1.01 71.37+1.02
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Table D.2: U-Balanced accuracy values — Method comparison — Real-world datasets

c Method  MNIST 3v5 MNIST OVE CIFAR CT CIFAR MA STL MA CDC-Diabetes

VP+S 76.89 £1.14 68.32+1.19 87.28+049 91.24+0.21 82.13+0.64  50.00 +£1.48
0.02  VP-B+S 78.37 £1.53 74.88+1.51 92.46+043 94.03+0.09 83.42+0.69 51.16=+1.74
LBE+S 49.95+0.34 50.14+0.14 50.00+0.40 50.16+0.18 50.17+0.24 49.97 +£0.20
VP+S 80.06 + 0.61 74.69 £1.38 91.64+0.32 92.75+0.24 87.19+0.32 5791+0.78
0.10 VP-B+S 84.29+£0.76 83.22+1.23 93.46+0.19 94.28+0.13 88.24+0.30 60.93 + 0.68
LBE+S 50.25+0.34 49.79+0.15 50.61+0.38 50.34+0.28 50.78 £0.28  49.93 £0.19
VP+S 82.31+0.67 80.74+0.86 93.20+0.26 94.06+0.10 88.65+0.28 57.47+0.84
0.30  VP-B+S  86.95+0.51 87.99+0.64 94.20+0.16 94.78+0.09 88.32+0.35 61.60 = 0.92
LBE+S 50.77 £0.31 49.79+£0.18 55.32+1.30 60.51+4.24 5590+1.85 49.93+0.17
VP+S 85.05+0.70 84.64+0.78 9424 +0.24 94.52+0.12 89.34+0.47 59.37+0.56
0.50 VP-B+S  88.49 £0.83 89.86+0.59 94.73+£0.24 94.43+0.15 88.60 + 0.53 62.98 + 0.41
LBE+S 51.80+0.34 5290+1.30 72.38+2.72 73.44 £2.77 70.34+2.07 62.39+1.83
VP+S 88.28 £0.67 89.25+0.54 9435+0.32 94.23 £0.17 88.63 £0.54 60.07 +0.73
0.70  VP-B+S  90.09 £0.64 91.30+0.55 94.66+£0.27 93.51+0.26 87.97+0.51 62.31 £ 0.62
LBE+S 54.66 £0.65 60.61 +£1.00 91.25+147 90.31+1.01 83.02+1.48 69.67 + 1.02
VP+S 87.14 £ 0.74 92.30+0.40 9197 £0.55 92.77 £0.45 82.75+1.47 63.01 £0.71
0.90 VPB+S 86.15+0.70 91.84+0.60 92.00+0.55 89.65+0.34 8243 +1.45 58.52 £0.53
LBE+S 67.77 £0.98 83.49+0.79 93.50+0.46 93.68+0.46 88.35+0.70 72.88 +0.38
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Table D.3: U-Balanced accuracy values — Decision rule comparison — Synthetic datasets

[ Method Synth. 1 Synth. 2 Synth. 3 Synth. SCAR
S-Prophet 73.29 £ 0.35 73.25 £ 0.36 71.37 £ 0.35 73.48 £ 0.35
Y-Prophet 73.32+£0.36 73.25+0.36 71.40+0.36 73.51+0.35

0.02 VP-B 60.94 £+ 2.39 59.42 + 2.55 60.14 £ 2.31 63.33 £ 1.68
VP-B+S 61.04 £ 2.33 59.32 £2.61 60.40 +£ 2.25 63.33 £ 1.73
VP-B+S + true s(x)  60.81 +2.36 59.16 £+ 2.68 60.18 £ 2.29 63.23 £1.70
VP-B+S + true y(x)  73.29 £0.37 73.22 £0.36 71.43 £ 0.36 73.46 £ 0.34
S-Prophet 72.52 £ 0.31 72.06 £ 0.35 70.49 £ 0.31 73.61 £0.35
Y-Prophet 72.60 £0.35 72.13+£0.38 70.65+0.37 73.69+0.33

0.10 VP-B 68.02 £ 0.46 66.65 £ 0.57 67.62 +£0.59 68.16+ 0.38
VP-B+S 67.71 £ 0.52 66.45 £ 0.54 67.43 £ 0.58 68.26 + 0.47
VP-B+S + true s(x)  67.80 £ 0.52 66.57 £ 0.49 67.30 £ 0.62 68.20 £+ 0.46
VP-B+S + true y(x)  72.53 £ 0.35 71.75 £ 0.41 70.42 £ 0.36 73.55 £ 0.33
S-Prophet 69.91 £ 0.47 69.02 £ 0.52 67.65 £ 0.42 72.69 £ 0.48
Y-Prophet 70.57 £ 0.43 69.37 £ 0.42 68.49 £ 0.39 73.60 £ 0.35

0.30 VP-B 68.08 £ 0.52 65.85+0.58 67.19 £0.52 70.53 + 0.49
VP-B+S 67.74 £ 0.56 65.61 £ 0.63 66.35 £ 0.52 70.17 £ 0.55
VP-B+S + true s(x)  67.67 £0.57 65.70 £ 0.64 66.48 £ 0.55 70.14 £ 0.51
VP-B+S + true y(x)  69.30 £ 0.47 68.33 £0.52 67.14 £ 0.43 72.61 £ 0.50
S-Prophet 65.33 £0.70 63.89 £ 0.56 63.25 £0.71 71.13 £ 0.62
Y-Prophet 68.13 £ 0.49 66.56 £ 0.48 66.02 £ 0.50 73.18 £ 0.36

0.50 VP-B 64.95+ 045 62.65+0.56 64.12+0.70 70.31 + 0.49
VP-B+S 64.09 £ 0.53 61.65 £ 0.61 63.27 £0.70 69.21 £ 0.44
VP-B+S + true s(x)  64.08 £ 0.48 61.58 £ 0.60 63.15 £ 0.67 69.30 £ 0.46
VP-B+S + true y(x)  64.44 + 0.62 62.68 £+ 0.60 62.03 £ 0.82 70.47 + 0.69
S-Prophet 57.88 £0.51 56.62 £ 0.38 56.71 £ 0.61 66.39 £ 0.48
Y-Prophet 64.64 £ 0.70 63.34 £ 0.70 62.71 £0.73 73.39 £ 0.41

0.70 VP-B 61.12 £ 0.65 59.53 £0.68 59.84 +£0.68 68.95 + 0.68
VP-B+S 59.40 £ 0.79 58.42 £ 0.69 58.35 £ 0.60 65.49 £0.71
VP-B+S + true s(x)  59.33 £0.61 58.45 £ 0.61 58.31 £0.70 65.01 £0.78
VP-B+S + truey(x) 57.07 £0.73 56.58 £ 0.52 56.44 £+ 0.64 65.76 £ 0.39
S-Prophet 50.38 £0.19 50.35 £ 0.21 50.47 £0.16 55.62 £ 0.55
Y-Prophet 61.12 £ 1.16 60.29 £+ 1.07 58.82 £1.08 72.72 £1.00

0.90 VP-B 58.85+0.62 57.12+0.69 55.19+0.99 71.61+0.91
VP-B+S 52.19 £0.55 52.41 £0.57 52.48 £ 0.60 58.64 £ 0.85
VP-B+S + true s(x)  52.99 £ 0.40 52.90 £ 0.41 51.86 £ 0.67 60.43 £ 0.93
VP-B+S + true y(x)  50.94 + 0.53 51.03 £ 0.41 52.25 £ 0.50 54.80 £ 0.55

Table D.4: U-Balanced accuracy values — Decision rule comparison — Real-world datasets

c Method  MNIST 3v5 MNIST OVE CIFAR CT CIFAR MA STL MA CDC-Diabetes
0.02 VP-B 78.32 £ 1.45 74.49 £1.49 9242+ 041 93.91+0.09 83.46+0.68 51.12+1.76
VP-B+S 78.37£1.53 74.88+1.51 92.46+0.43 94.03+0.09 83.42+0.69 51.16=*1.74
0.10 VP-B 84.10 £0.65 82.80+1.28 93.35+0.19 94.28 £0.12 88.27 £0.29 61.38 +0.77
VP-B+S 84.29 £ 0.76 83.22+1.23 93.46+0.19 94.28+0.13 88.24+0.30 60.93 £0.68
0.30 VP-B 86.75+0.55 88.04 £0.65 94.12+0.18 94.85+0.08 89.11+0.28 63.78 £ 0.78
VP-B+S 86.95+0.51 87.99+0.64 94.20+0.16 94.78+0.09 88.32+0.35 61.60 = 0.92
0.50 VP-B 88.33+£0.88 90.09£0.57 94.69+0.25 94.72+0.10 89.81+0.34 67.36+0.25
VP-B+S 88.49 £ 0.83 89.86+0.59 94.73+£0.24 9443+0.15 88.60 =+ 0.53 62.98 = 0.41
0.70 VP-B 90.23 £ 0.66 92.15+0.47 94.81+0.26 94.65+0.15 90.82+0.36 68.93 + 0.40
VP-B+S 90.09 £0.64 91.30+0.55 94.66+0.27 93.51+0.26 87.97=+0.51 62.31 £ 0.62
0.90 VP-B 87.31+0.72 93.55+0.45 94.07+0.33 94.89+0.19 90.03+0.73 71.38 +0.37
VP-B+S 86.15+0.70 91.84+0.60 92.00+0.55 89.65+0.34 8243 +1.45 58.52 £ 0.53
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Appendix E

Dataset details

PU learning data, due to its nature, presents an unique challenge for benchmarking. Namely,
we are unable to accurately evaluate the performance of PU learning methods on real-world
datasets, as we do not have access to the true labels of unlabeled examples. In literature,
several ways to mitigate this issue are proposed, e.g. custom criterions with properties similar
to Fl-score, statistical tests or estimations of standard evaluation metrics (Bekker and Davis
2020). However, all of these metrics are rarely reported, less intuitive, and give a limited
insight into the performance of the method. A standard alternative approach is to generate PU
datasets from existing classification datasets, by randomly selecting a subset of examples to
be labeled, and treating the rest as unlabeled. Most importantly, this approach provides the
example classes at test time, allowing us to compute standard classification metrics. Another
important advantage of this approach is that it allows us to control the label frequency of the
datasets, which gives insights into how the method performs under a wide variety of PU learning
conditions, including extreme cases of very low label frequency.as well as cases where a big
portion of positive examples is already known.

In the main part of the thesis we use four benchmark datasets resulting in 6 different tasks:

. MNIS’IE]— two different tasks, 3v5 (images of digit 3 are considered positive, 5 — negative)

and OVE (images of odd digits are positive, even — negative),

. CIFAR-l(f]— two different tasks, CarTruck / CT (automobile images are positive, truck —
negative) and MachineAnimal / VA (airplane, automobile, ship and truck images are

positive, bird, cat, deer, dog, frog and horse — negative),

. STL-l(f]— identical classes (but more complex images) as in CIFAR-10, we consider only
MachineAnimal / VA split,

"http://yann.lecun.com/exdb/mnist/
Zhttps://www.cs.toronto.edu/ kriz/cifar.html
*https://cs.stanford.edu/~acoates/st110/
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Table E.1: Benchmark dataset statistics

Name Examples Features Class prior
MNIST 3v5 13454 784 0.53
MNIST OVE 70000 784 0.51
CIFAR CarTruck 12000 512 0.50
CIFAR MachineAnimal 60000 512 0.40
STL MachineAnimal 13000 512 0.40
Gas Concentrations 4206 129 0.61
CDC Diabetes 148458 38 0.50

* Depending on the chapter:

(a) Gas Concentration — Ethanol examples are positive, Ammonia — negative (Chap-
ters[4 and [5),

(b) CDC Diabetef] — original classes: positive examples are patients with diabetes,
negative examples are healthy patients (Chapters [6]and [7).

Dataset details are listed in the Table As the research progressed, we decided to replace
the Gas Concentration dataset with a more complex CDC Diabetes dataset, aiming to better
simulate the real-world PU learning scenario with medical domain data and improved labeling
scheme. Note that even though the classes are relatively balanced in base data, labeling process
naturally introduces various amounts of label imbalance, controlled by label frequency value c.
This in particular results in a strong imbalance for small c; e.g. for CIFAR CarTruck data set and
¢ = 0.02 one obtains, on average, 120 labeled examples and 11880 unlabeled ones.

For CIFAR-10 dataset, similarly to the original VAE-PU (Na et al. |2020) approach, pretrained
embedding vectors from Information Invariant Clustering (IIC; Ji, Henriques, and Vedaldi
(2019)) are used to extract features from images. Pretrained IIC embeddings were used also
for STL-10 dataset. Using pretrained embeddings allows us to focus on PU data classification,
abstracting the tuning of CNN architectures. As MNIST datasets are significantly simpler, they
are treated as tabular datasets together with Gas Concentrations and CDC Diabetes, with only
simple preprocessing (feature scaling).

For no-SCAR PU modeling, several labeling schemes were applied in order to construct
artificially labeled datasets from those above. In contrast to analysis of VAE-PU in (Na et al.
2020), our experiments consider multiple label frequency values (defined as overall probability of
positive examples being labeled ¢ = P(S =1 | Y = 1)) and thus instead of constant probability of

labeling, a feature-dependent labeling process is used. For MNIST dataset, examples were labeled

“https://archive.ics.uci.edu/ml/datasets/gas+sensor+array+drift+dataset
>https://archive.ics.uci.edu/dataset/891/cdc+diabetes+health+indicators


https://archive.ics.uci.edu/ml/datasets/gas+sensor+array+drift+dataset
https://archive.ics.uci.edu/dataset/891/cdc+diabetes+health+indicators
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according to digit "boldness" — values of each pixel (normalized to (0-1) range) were averaged,
and the examples with highest average value were labeled. Number of examples to be labeled is
calculated consistently with label frequency, and taking examples with maximum boldness value
ensures that the labeled dataset is a biased sample from the positive (Y = 1) distribution. CIFAR-
10 and STL-10 datasets used "redness" measure defined as r(x) = (R(x)— G(x))+ (R(x)—B(x)),
where R(-), G(-), B(-) correspond to R, G and B channel pixel values of input image x. Similarly,
images with the highest values of r(x) were labeled. "Maximal value" labeling (taking a portion
of the dataset with the highest measure values) as opposed to probabilistic sampling (with
probabilities based on those measures) aims to obtain a maximally difficult problem — note
that in that case, labeled positive examples are maximally different from the unlabeled positive
examples according to the labeling metric. While this deviates from the probabilistic, propensity
score based labeling assumed by the methods, it also helps to measure robustness of the method
against assumption violations. Gas Concentrations dataset used Strategy 1 described by (Gong
et al. [2021)) — examples were labeled according to their distance from classification boundary,
obtained after fitting logistic regression model to the data. Observations located the furthest
away from the boundary had the largest probability to be labeled. CDC-Diabetes aims to simulate
a more practical, real-world PU scenario — there, labeling (diagnosis) probability scales with
age (quadratically) and education level (linearly with subsequent stages of education) to model
health awareness increase for senior citizens and more educated people.

We performed experiments for multiple label frequencies (¢ € {0.02,0.1,0.3,0.5,0.7,0.9})
in order to account for various PU task difficulties and labeling scenarios. To obtain such datasets,

we synthetically generated label vectors S corresponding to each label frequency.
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